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We study WENO(2r � 1) reconstruction [D.S. Balsara, C.W. Shu, Monotonicity prserving WENO

schemes with increasingly high-order of accuracy, J. Comput. Phys. 160 (2000) 405–452],
with the mapping (WENOM) procedure of the nonlinear weights [A.K. Henrick, T.D. Aslam,
J.M. Powers, Mapped weighted-essentially-non-oscillatory schemes: achieving optimal
order near critical points, J. Comput. Phys. 207 (2005) 542–567], which we extend up to
WENO17 ðr ¼ 9Þ. We find by numerical experiment that these procedures are essentially
nonoscillatory without any stringent CFL limitation ðcfl 2 ½0:8;1�Þ, for scalar hyperbolic
problems (both linear and scalar conservation laws), provided that the exponent pb in
the definition of the Jiang–Shu [G.S. Jiang, C.W. Shu, Efficient implementation of weighted
ENO schemes, J. Comput. Phys. 126 (1996) 202–228] nonlinear weights be taken as pb ¼ r, as
originally proposed by Liu et al. [X.D. Liu, S. Osher, T. Chan, Weighted essentially nonoscil-
latory schemes, J. Comput. Phys. 115 (1994) 200–212], instead of pb ¼ 2 (this is valid both
for WENO and WENOM reconstructions), although the optimal value of the exponent is prob-
ably pbðrÞ 2 ½2; r�. Then, we apply the family of very-high-order wenompb¼r reconstructions
to the Euler equations of gasdynamics, by combining local characteristic decomposition [A.
Harten, B. Engquist, S. Osher, S.R. Chakravarthy, Uniformly high-order accurate essentially
nonoscillatory schemes III, J. Comput. Phys. 71 (1987) 231–303], with recursive-order-
reduction (ROR) aiming at aleviating the problems induced by the nonlinear interactions
of characteristic fields within the stencil. The proposed ROR algorithm, which generalizes
the algorithm of Titarev and Toro [V.A. Titarev, E.F. Toro, Finite-volume WENO schemes for
3-D conservation laws, J. Comput. Phys. 201 (2004) 238–260], is free of adjustable param-
eters, and the corresponding rorwenompb¼r schemes are essentially nonoscillatory, as
Dx! 0, up to r ¼ 9, for all of the test-cases studied. Finally, the unsplit linewise 2-D exten-
sion of the schemes is evaluated for several test-cases.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

The WENO(2r � 1) (weighted essentially nonoscillatory (2r � 1)-order) reconstruction procedure introduced by Liu et al.
[1], and further developed by Jiang and Shu [2], has become the method of choice in high-resolution/high-order methods
for the computation of hyperbolic systems of conservation laws [3–7]. They are widely used for the direct numerical simu-
lation (DNS) of compressible flows containing shock-waves [8–11].

Liu et al. [1] put forward the idea of replacing the choice of the smoothest possible stencil of the ENO schemes [12] by a
convex combination of the reconstructions on all stencils, using nonlinear weights designed to achieve the highest possible
order-of-accuracy in smooth regions, and to weight out nonsmooth stencils in regions containing discontinuities, and
studied WENO schemes for r ¼ 2 (WENO3) and for r ¼ 3 (WENO5). Jiang and Shu [2] introduced an improved definition of the
. All rights reserved.
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smoothness indicators, used to evaluate the nonlinear weights, and further studied the WENO3 and WENO5 schemes. Balsara
and Shu [3] extended the WENO family up to r ¼ 6 (WENO11). However, the WENO5 scheme is the most widely used
[4,13,10,11], with the WENO7 scheme being also used [5], e.g. in compressible DNS studies [9,10]. Recently, Henrick et al.
[4] have presented a thorough study of the WENO5 scheme, and have in particular introduced a mapping procedure which
aims at maintaining the nonlinear weights of the WENO convex combination of stencils as near as possible to the optimal
weights, except at highly nonsmooth regions. This is achieved through a mapping function, and can be easily applied to
WENO(2r � 1) schemes of arbitrary order, resulting in the WENOM(2r � 1) schemes. Even more recently, Borges et al. [7],
exploited the structure of the Taylor-expansions of the smoothness indicators of the WENO5 scheme to develop improved non-
linear weights, which obtain the increased accuracy of the WENOM5 procedure directly (without mapping).

Balsara and Shu [3] have also examined the possibility of using the monotonicity-preserving (MP) procedure of Suresh and
Huynh [14], coupled with the UW schemes (central WENO schemes or WENO schemes with optimal weights). They named these
schemes MPWENOs, but MPUW is probably a more precise term, since the nonlinear mechanism does not operate through a
redefinition of the weights of the r stencils used in the construction of the WENO(2r � 1) scheme, but rather as a curva-
ture-based correction (if necessary) of the UW scheme. Working schemes, up to MPWENO11, were constructed in this way
[3], but these schemes do not, in general, preserve the order of the underlying UW scheme (often being limited to only
OðDx4Þ or OðDx3Þ), while they require somewhat smaller time-steps than the corresponding WENO schemes. In this respect,
Balsara and Shu [3] state that they ‘‘therefore see that the monotonicity-preserving bounds do not live up to the full extent of
the claim made in Suresh and Huynh [14] that they do not damage the order property of smooth solutions at all”.

It seems that, with the present state-of-the-art, the relatively computationally expensive WENO(M) procedure is the price to
pay for combining high-order with monotonicity. Notice however, that the use of hermitian WENO (HWENO) schemes [15–18] is
an interesting possibility for maintaining high-order with reduced stencils, at the price, however, of resolving supplementary
equations for the spatial derivatives of the variables in the context of derivative Riemann solvers [19–21].

The purpose of the present work is to further develop and investigate very-high-order WENO schemes for the computation
of hyperbolic conservation laws. In Section 2, we extend the family of progressively higher-order WENO(2r � 1) schemes [2,3]
up to r ¼ 9, and tabulate the coefficients of the WENO13 ðr ¼ 7Þ, WENO15 ðr ¼ 8Þ, WENO17 ðr ¼ 9Þ scalar reconstructions (Tables
1–6). We also give the Taylor-expansions of the smootheness indicators, up to r ¼ 9, demonstrating that they satisfy the suf-
ficient [1–4,7] conditions for the schemes to be OðDx2r�1Þ accurate at smooth regular points ðf 0ðxiÞ – 0Þ. In Section 3, we apply
the WENO(2r � 1) and WENOM(2r � 1) (with the mapping procedure of Henrick et al. [4]) schemes, to the linear advection equa-
tion. Numerical experiments indicate that, as r increases, the exponent pb in the definition of the Jiang–Shu [2] nonlinear
weights, must be increased, from the recommended value of pb ¼ 2 [2], to ensure ENO (essentially nonoscillatory) behaviour.
Without seeking the optimal (lowest) value of pb, we find that pb ¼ r [1] is sufficient. Standard test-cases [2,4] for the advec-
tion equation are computed to study the order-of-accuracy, rate-of-convergence, and ENO behaviour of the WENO(2r � 1) and
WENOM(2r � 1) reconstructions (for pb ¼ 2 and for pb ¼ r). In Section 4, we apply the scalar WENOM(2r � 1) reconstruction to a
standard problem [22,23,1] for the Burgers equation, and verify that the results obtained for the linear advection equation
carry on to the nonlinear scalar conservation law case, as well. In Section 5, we study the extension of the scalar
WENOM(2r � 1) reconstructions to the 1-D Euler equations of gasdynamics (system of nonlinear hyperbolic conservation
laws), by combining local characteristic reconstruction [12] with a new algorithm for recursive-order-reduction (ROR) to
Table 1
Coefficients ar;uw;‘ for the UW(2r � 1) reconstruction (6), for r 2 f1; . . . ;9g.

‘ r = 9 r = 8 r = 7 r = 6 r = 5 r = 4 r = 3 r = 2 r = 1

�8 56
12;252;240

�7 �1015
12;252;240

�7
360;360

�6 8777
12;252;240

113
360;360

30
360;360

�5 �48;343
12;252;240

�867
360;360

�425
360;360

�1
2772

�4 191;561
12;252;240

4229
360;360

2851
360;360

61
13;860

1
630

�3 �588;127
12;252;240

�14;881
360;360

�12;164
360;360

�703
27;720

�41
2520

�1
140

�2 1;491;041
12;252;240

41;175
360;360

37;886
360;360

371
3960

199
2520

5
84

1
30

�1 �3;409;855
12;252;240

�98;965
360;360

�97;249
360;360

�7303
27;720

�641
2520

�101
420

�13
60

�1
6

0 8;842;385
12;252;240

261;395
360;360

263;111
360;360

20;417
27;720

1879
2520

319
420

47
60

5
6

1

+1 7;481;025
12;252;240

216;350
360;360

211;631
360;360

15;797
27;720

275
504

107
210

9
20

1
3

+2 �2;320;767
12;252;240

�63;930
360;360

�58;639
360;360

�4003
27;720

�61
504

�19
210

�1
20

+3 797;985
12;252;240

20;154
360;360

16;436
360;360

947
27;720

11
504

1
105

+4 �241;599
12;252;240

�5326
360;360

�3584
360;360

�17
3080

�1
504

+5 58;281
12;252;240

1044
360;360

511
360;360

1
2310

+6 �10;263
12;252;240

�132
360;360

�35
360;360

+7 1161
12;252;240

8
360;360

+8 �63
12;252;240



Table 2
Coefficients ar;ks ;‘ appearing in the definition of the reconstructions for the various stencils of the WENO(2r � 1) schemes (9), for r 2 f1; . . . ;9g.

r ‘ ks ¼ 0 ks ¼ 1 ks ¼ 2 ks ¼ 3 ks ¼ 4 ks ¼ 5 ks ¼ 6 ks ¼ 7 ks ¼ 8

9 8 280
2520

�35
2520

10
2520

�5
2520

4
2520

�5
2520

10
2520

�35
2520

280
2520

7 �2555
2520

325
2520

�95
2520

49
2520

�41
2520

55
2520

�125
2520

595
2520

4609
2520

6 10;405
2520

�1355
2520

409
2520

�221
2520

199
2520

�305
2520

955
2520

3349
2520

�5471
2520

5 �24;875
2520

3349
2520

�1061
2520

619
2520

�641
2520

1375
2520

2509
2520

�2531
2520

6289
2520

4 38;629
2520

�5471
2520

1879
2520

�1271
2520

1879
2520

1879
2520

�1271
2520

1879
2520

�5471
2520

3 �40;751
2520

6289
2520

�2531
2520

2509
2520

1375
2520

�641
2520

619
2520

�1061
2520

3349
2520

2 29;809
2520

�5471
2520

3349
2520

955
2520

�305
2520

199
2520

�221
2520

409
2520

�1355
2520

1 �15;551
2520

4609
2520

595
2520

�125
2520

55
2520

�41
2520

49
2520

�95
2520

325
2520

0 7129
2520

280
2520

�35
2520

10
2520

�5
2520

4
2520

�5
2520

10
2520

�35
2520

8 7 �105
840

15
840

�5
840

3
840

�3
840

5
840

�15
840

105
840

6 855
840

�125
840

43
840

�27
840

29
840

�55
840

225
840

1443
840

5 �3065
840

463
840

�167
840

113
840

�139
840

365
840

1023
840

�1497
840

4 6343
840

�1007
840

393
840

�307
840

533
840

743
840

�657
840

1443
840

3 �8357
840

1443
840

�657
840

743
840

533
840

�307
840

393
840

�1007
840

2 7323
840

�1497
840

1023
840

365
840

�139
840

113
840

�167
840

463
840

1 �4437
840

1443
840

225
840

�55
840

29
840

�27
840

43
840

�125
840

0 2283
840

105
840

�15
840

5
840

�3
840

3
840

�5
840

15
840

7 6 60
420

�10
420

4
420

�3
420

4
420

�10
420

60
420

5 �430
420

74
420

�31
420

25
420

�38
420

130
420

669
420

4 1334
420

�241
420

109
420

�101
420

214
420

459
420

�591
420

3 �2341
420

459
420

�241
420

319
420

319
420

�241
420

459
420

2 2559
420

�591
420

459
420

214
420

�101
420

109
420

�241
420

1 �1851
420

669
420

130
420

�38
420

25
420

�31
420

74
420

0 1089
420

60
420

�10
420

4
420

�3
420

4
420

�10
420

6 5 �1
6

1
30

�1
60

1
60

�1
30

1
6

4 31
30

�13
60

7
60

�2
15

11
30

29
20

3 �163
60

37
60

�23
60

37
60

19
20

�21
20

2 79
20

�21
20

19
20

37
60

�23
60

37
60

1 �71
20

29
20

11
30

�2
15

7
60

�13
60

0 49
20

1
6

�1
30

1
60

�1
60

1
30

5 4 1
5

�1
20

1
30

�1
20

1
5

3 �21
20

17
60

�13
60

9
20

77
60

2 137
60

�43
60

47
60

47
60

�43
60

1 �163
60

77
60

9
20

�13
60

17
60

0 137
60

1
5

�1
20

1
30

�1
20

4 3 �1
4

1
12

�1
12

1
4

2 13
12

�5
12

7
12

13
12

1 �23
12

13
12

7
12

�5
12

0 25
12

1
4

�1
12

1
12

3 2 1
3

�1
6

1
3

1 �7
6

5
6

5
6

0 11
6

1
3

�1
6

2 1 �1
2

1
2

0 3
2

1
2

1 0 1

G.A. Gerolymos et al. / Journal of Computational Physics 228 (2009) 8481–8524 8483
circumvent the problems of interacting characteristic fields and/or of absence of smooth stencils at a given point [5]. The ROR

algorithm developed in the present work, generalizes previous work by Titarev and Toro [5], and is free of adjustable param-
eters. Several standard test-cases for the 1-D Euler equations [24–27,5,10] are computed, on progressively refined grids,
using the RORWENOM(2r � 1) procedure. The results demonstrate that the resulting schemes are ENO, and, most importantly re-
main ENO when the grid is refined ðDx! 0Þ. In Section 6, we breifly discuss various possiblities for the extension of the
UW(2r � 1) and WENOM(2r � 1) reconstructions to multidimensional problems. In Section 7, we apply the unsplit linewise mul-
tidimensional extension of the schemes to the linear 2-D advection equation, and verify that the accuracy results obtained
for the 1-D case (Section 3) are also valid in 2-D. Finally, in Section 8, we investigate the performance of the unsplit linewise
extension of the schemes for various standard test-cases for the 2-D Euler equations [26,28,29,3].



Table 3
Optimal weights Cr;ks for the linear convex combination of the various stencils of the WENO(2r � 1) reconstructions yielding the UW(2r � 1) scheme (14), for
r 2 f1; . . . ;9g.

r ks ¼ 0 ks ¼ 1 ks ¼ 2 ks ¼ 3 ks ¼ 4 ks ¼ 5 ks ¼ 6 ks ¼ 7 ks ¼ 8

9 1
24;310

36
12;155

504
12;155

2352
12;155

882
2431

3528
12;155

1176
12;155

144
12;155

9
24;310

8 1
6435

56
6435

196
2145

392
1287

490
1287

392
2145

196
6435

8
6435

7 1
1716

7
286

105
572

175
429

175
572

21
286

7
1716

6 1
462

5
77

25
77

100
231

25
154

1
77

5 1
126

10
63

10
21

20
63

5
126

4 1
35

12
35

18
35

4
35

3 1
10

6
10

3
10

2 1
3

2
3

1 1

Table 4
Coefficients rr;ks ;‘;m appearing in the definition of the smoothness indicators br;ks ;iþ1

2
(16) for the WENO13 ðr ¼ 7Þ reconstruction.

‘ m ks ¼ 0 ks ¼ 1 ks ¼ 2 ks ¼ 3 ks ¼ 4 ks ¼ 5 ks ¼ 6

6 6 62;911;297
2;993;760

64;361;771
14;968;800

2;627;203
1;871;100

2;627;203
1;871;100

64;361;771
14;968;800

62;911;297
2;993;760

897;207;163
7;484;400

5 �5;556;669;277
19;958;400

�377;474;689
6;652;800

�359;321;429
19;958;400

�323;333;323
19;958;400

�295;455;983
6;652;800

�4;074;544;787
19;958;400

�22;763;092;357
19;958;400

4 15;476;926;351
19;958;400

3;126;718;481
19;958;400

105;706;999
2;217;600

761;142;961
19;958;400

1;894;705;391
19;958;400

2;811;067;067
6;652;800

46;808;583;631
19;958;400

3 �17;425;032;203
14;968;800

�3;465;607;493
14;968;800

�995;600;723
14;968;800

�701;563;133
14;968;800

�1;618;284;323
14;968;800

�7;124;638;253
14;968;800

�39;645;439;643
14;968;800

2 4;964;771;899
4;989;600

320;782;183
1;663;200

256;556;849
4;989;600

158;544;319
4;989;600

115;524;053
1;663;200

1;531;307;249
4;989;600

8;579;309;749
4;989;600

1 �9;181;961;959
19;958;400

�341;910;757
3;991;680

�15;401;629
739;200

�225;623;953
19;958;400

�95;508;139
3;991;680

�712;745;603
6;652;800

�2;416;885;043
3;991;680

0 5;391;528;799
59;875;200

945;155;329
59;875;200

8;279;479
2;395;008

99;022;657
59;875;200

8;279;479
2;395;008

945;155;329
59;875;200

5;391;528;799
59;875;200

5 5 2;047;941;883
2;217;600

1;250;007;643
6;652;800

130;013;563
2;217;600

108;444;169
2;217;600

806;338;417
6;652;800

127;942;497
246;400

6;182;612;731
2;217;600

4 �3;809;437;823
739;200

�6;932;480;657
6;652;800

�2;096;571;887
6;652;800

�176;498;513
739;200

�3;573;798;407
6;652;800

�14;684;933;057
6;652;800

�8;623;431;623
739;200

3 38;683;385;051
4;989;600

857;838;469
554;400

2;224;538;011
4;989;600

1;506;944;981
4;989;600

1;042;531;337
1;663;200

12;601;009;501
4;989;600

66;440;049;371
4;989;600

2 �14;734;178;999
2;217;600

�8;619;440;987
6;652;800

�773;749;439
2;217;600

�464;678;369
2;217;600

�2;725;575;317
6;652;800

�405;382;961
246;400

�19;308;505;679
2;217;600

1 3;417;057;367
1;108;800

1;924;032;511
3;326;400

475;321;093
3;326;400

84;263;749
1;108;800

475;321;093
3;326;400

1;924;032;511
3;326;400

3;417;057;367
1;108;800

0 �2;416;885;043
3;991;680

�712;745;603
6;652;800

�95;508;139
3;991;680

�225;623;953
19;958;400

�15;401;629
739;200

�341;910;757
3;991;680

�9;181;961;959
19;958;400

4 4 199;730;921
27;720

53;678;683
36;960

143;270;957
332;640

16;790;707
55;440

34;187;317
55;440

796;358;777
332;640

1;369;404;749
110;880

3 �21;693;002;767
997;920

�4;330;640;057
997;920

�412;424;029
332;640

�790;531;177
997;920

�1;476;618;887
997;920

�616;410;313
110;880

�28;364;892;607
997;920

2 8;290;771;913
443;520

4;868;089;189
1;330;560

1;312;114;459
1;330;560

250;523;543
443;520

1;312;114;459
1;330;560

4;868;089;189
1;330;560

8;290;771;913
443;520

1 �19;308;505;679
2;217;600

�405;382;961
246;400

�2;725;575;317
6;652;800

�464;678;369
2;217;600

�773;749;439
2;217;600

�8;619;440;987
6;652;800

�14;734;178;999
2;217;600

0 8;579;309;749
4;989;600

1;531;307;249
4;989;600

115;524;053
1;663;200

158;544;319
4;989;600

256;556;849
4;989;600

320;782;183
1;663;200

4;964;771;899
4;989;600

3 3 49;256;859;919
2;993;760

9;780;057;169
2;993;760

2;726;585;359
2;993;760

1;607;739;169
2;993;760

2;726;585;359
2;993;760

9;780;057;169
2;993;760

49;256;859;919
2;993;760

2 �28;364;892;607
997;920

�616;410;313
110;880

�1;476;618;887
997;920

�790;531;177
997;920

�412;424;029
332;640

�4;330;640;057
997;920

�21;693;002;767
997;920

1 66;440;049;371
4;989;600

12;601;009;501
4;989;600

1;042;531;337
1;663;200

1;506;944;981
4;989;600

2;224;538;011
4;989;600

857;838;469
554;400

38;683;385;051
4;989;600

0 �39;645;439;643
14;968;800

�7;124;638;253
14;968;800

�1;618;284;323
14;968;800

�701;563;133
14;968;800

�995;600;723
14;968;800

�3;465;607;493
14;968;800

�17;425;032;203
14;968;800

2 2 1;369;404;749
110;880

796;358;777
332;640

34;187;317
55;440

16;790;707
55;440

143;270;957
332;640

53;678;683
36;960

199;730;921
27;720

1 �8;623;431;623
739;200

�14;684;933;057
6;652;800

�3;573;798;407
6;652;800

�176;498;513
739;200

�2;096;571;887
6;652;800

�6;932;480;657
6;652;800

�3;809;437;823
739;200

0 46;808;583;631
19;958;400

2;811;067;067
6;652;800

1;894;705;391
19;958;400

761;142;961
19;958;400

105;706;999
2;217;600

3;126;718;481
19;958;400

15;476;926;351
19;958;400

1 1 6;182;612;731
2;217;600

127;942;497
246;400

806;338;417
6;652;800

108;444;169
2;217;600

130;013;563
2;217;600

1;250;007;643
6;652;800

2;047;941;883
2;217;600

0 �22;763;092;357
19;958;400

�4;074;544;787
19;958;400

�295;455;983
6;652;800

�323;333;323
19;958;400

�359;321;429
19;958;400

�377;474;689
6;652;800

�5;556;669;277
19;958;400

0 0 897;207;163
7;484;400

62;911;297
2;993;760

64;361;771
14;968;800

2;627;203
1;871;100

2;627;203
1;871;100

64;361;771
14;968;800

62;911;297
2;993;760
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2. WENO reconstruction

2.1. Polynomial reconstruction background

The principle underlying the development of upwind (UW) and weighted essentially nonoscillatory (WENO) reconstructions
for the discretization of f 0ðxÞ on a uniform grid ðxi ¼ x1 þ ði� 1ÞDx; i ¼ 1; . . . ;NxÞ stems from the identity (on a uniform grid
Dx = const)



Table 5
Coefficients rr;ks ;‘;m appearing in the definition of the smoothness indicators br;ks ;iþ1

2
(16) for the WENO 15 ðr ¼ 8Þ reconstruction.

‘ m ks ¼ 0 ks ¼ 1 ks ¼ 2 ks ¼ 3 ks ¼ 4 ks ¼ 5 ks ¼ 6 ks ¼ 7

7 7 986;005;096;387
20;756;736;000

26;446;172;491
2;965;248;000

46;388;292;547
20;756;736;000

25;116;366;157
20;756;736;000

46;388;292;547
20;756;736;000

26;446;172;491
2;965;248;000

986;005;096;387
20;756;736;000

5;870;785;406;797
20;756;736;000

6 �1;410;106;709;147
1;945;944;000

�132;173;819;131
972;972;000

�65;611;168;187
1;945;944;000

�2;407;377;043
138;996;000

�56;245;265;927
1;945;944;000

�104;391;937;861
972;972;000

�1;069;457;397;287
1;945;944;000

�3;130;718;954;431
972;972;000

5 10;610;581;100;123
4;447;872;000

13;873;328;286;131
31;135;104;000

3;388;533;713;021
31;135;104;000

1;631;589;107;891
31;135;104;000

2;458;417;783;421
31;135;104;000

8;624;638;348;211
31;135;104;000

43;315;366;304;381
31;135;104;000

36;019;630;238;453
4;447;872;000

4 �3;423;798;156;193
778;377;600

�90;744;192;823
111;196;800

�151;441;370;209
778;377;600

�67;513;265;377
778;377;600

�18;415;814;357
155;675;520

�310;726;966;393
778;377;600

�1;550;584;925;161
778;377;600

�9;030;771;744;409
778;377;600

3 10;196;716;797;013
2;075;673;600

41;566;759;079
46;126;080

431;000;077;397
2;075;673;600

25;116;366;157
296;524;800

72;812;006;087
691;891;200

721;220;745;563
2;075;673;600

721;470;910;481
415;134;720

7;028;987;165;449
691;891;200

2 �6;476;591;199;161
1;945;944;000

�583;488;131;053
972;972;000

�256;879;392;281
1;945;944;000

�47;469;340;603
972;972;000

�108;473;646;221
1;945;944;000

�25;412;164;549
138;996;000

�1;793;558;121;581
1;945;944;000

�5;269;260;407;953
972;972;000

1 39;509;061;792;127
31;135;104;000

6;925;711;076;497
31;135;104;000

1;438;198;790;527
31;135;104;000

478;185;649;297
31;135;104;000

508;082;860;927
31;135;104;000

1;677;021;138;577
31;135;104;000

1;221;480;056;521
4;447;872;000

50;528;822;994;577
31;135;104;000

0 �819;100;494;587
3;891;888;000

�137;801;870;867
3;891;888;000

�26;674;345;787
3;891;888;000

�7;942;541;267
3;891;888;000

�7;942;541;267
3;891;888;000

�26;674;345;787
3;891;888;000

�137;801;870;867
3;891;888;000

�819;100;494;587
3;891;888;000

6 6 172;229;708;657;639
62;270;208;000

32;268;504;444;809
62;270;208;000

7;965;255;985;319
62;270;208;000

3;944;861;897;609
62;270;208;000

6;047;605;530;599
62;270;208;000

20;863;031;646;089
62;270;208;000

102;080;471;419;559
62;270;208;000

581;791;881;407;369
62;270;208;000

5 �70;944;310;593;109
3;891;888;000

�13;257;668;940;469
3;891;888;000

�3;233;549;114;749
3;891;888;000

�1;521;688;484;269
3;891;888;000

�2;129;103;852;829
3;891;888;000

�6;905;100;758;509
3;891;888;000

�32;903;428;273;669
3;891;888;000

�185;432;400;549;349
3;891;888;000

4 41;910;140;004;779
1;245;404;160

38;941;083;744;793
6;227;020;800

9;306;913;817;431
6;227;020;800

4;100;880;843;289
6;227;020;800

5;227;966;881;367
6;227;020;800

3;240;510;296;069
1;245;404;160

76;273;513;229;143
6;227;020;800

428;668;917;728;281
6;227;020;800

3 �4;882;688;924;777
129;729;600

�224;563;041;869
32;432;400

�41;643;930;661
25;945;920

�10;590;149;653
16;216;200

�98;765;696;693
129;729;600

�37;187;936;869
16;216;200

�1;397;571;412;901
129;729;600

�393;303;816;739
6;486;480

2 795;325;997;722;517
31;135;104;000

143;887;855;797;947
31;135;104;000

31;959;522;170;837
31;135;104;000

11;870;432;980;667
31;135;104;000

12;752;830;987;157
31;135;104;000

37;913;679;009;467
31;135;104;000

178;922;840;432;597
31;135;104;000

1;010;731;494;899;387
31;135;104;000

1 �12;661;520;644;021
1;297;296;000

�2;230;862;726;341
1;297;296;000

�468;561;665;821
1;297;296;000

�157;580;595;421
1;297;296;000

�157;580;595;421
1;297;296;000

�468;561;665;821
1;297;296;000

�2;230;862;726;341
1;297;296;000

�12;661;520;644;021
1;297;296;000

0 50;528;822;994;577
31;135;104;000

1;221;480;056;521
4;447;872;000

1;677;021;138;577
31;135;104;000

508;082;860;927
31;135;104;000

478;185;649;297
31;135;104;000

1;438;198;790;527
31;135;104;000

6;925;711;076;497
31;135;104;000

39;509;061;792;127
31;135;104;000

5 5 624;177;436;330;267
20;756;736;000

116;487;285;372;277
20;756;736;000

28;199;161;918;747
20;756;736;000

12;780;967;457;077
20;756;736;000

16;476;387;815;707
20;756;736;000

49;883;478;342;517
20;756;736;000

229;456;135;916;827
20;756;736;000

1;272;280;750;118;197
20;756;736;000

4 �983;492;927;359
8;845;200

�29;244;985;495
1;415;232

�5;445;142;127
1;105;650

�74;851;467;823
35;380;800

�5;527;715;497
2;211;300

�253;865;691;211
35;380;800

�11;450;077;957
353;808

�6;306;477;584;539
35;380;800

3 775;760;249;154;827
6;227;020;800

142;950;967;195;973
6;227;020;800

33;191;727;291;659
6;227;020;800

532;071;643;661
249;080;832

14;416;393;946;891
6;227;020;800

39;896;100;785;477
6;227;020;800

178;559;835;040;523
6;227;020;800

982;150;494;698;309
6;227;020;800

2 �109;928;049;802;589
1;297;296;000

�19;952;704;102;349
1;297;296;000

�4;456;767;285;989
1;297;296;000

�1;644;079;167;749
1;297;296;000

�1;644;079;167;749
1;297;296;000

�4;456;767;285;989
1;297;296;000

�19;952;704;102;349
1;297;296;000

�109;928;049;802;589
1;297;296;000

1 1;010;731;494;899;387
31;135;104;000

178;922;840;432;597
31;135;104;000

37;913;679;009;467
31;135;104;000

12;752;830;987;157
31;135;104;000

11;870;432;980;667
31;135;104;000

31;959;522;170;837
31;135;104;000

143;887;855;797;947
31;135;104;000

795;325;997;722;517
31;135;104;000

0 �5;269;260;407;953
972;972;000

�1;793;558;121;581
1;945;944;000

�25;412;164;549
138;996;000

�108;473;646;221
1;945;944;000

�47;469;340;603
972;972;000

�256;879;392;281
1;945;944;000

�583;488;131;053
972;972;000

�6;476;591;199;161
1;945;944;000

4 4 23;315;424;178;373
226;437;120

4;322;531;771;339
226;437;120

203;912;134;273
45;287;424

420;341;161;931
226;437;120

457;249;528;517
226;437;120

1;231;949;387;723
226;437;120

5;407;733;702;789
226;437;120

5;896;382;977;423
45;287;424

3 �35;999;233;471;051
155;675;520

�6;630;479;776;771
155;675;520

�1;532;094;364;651
155;675;520

�595;915;721;251
155;675;520

�595;915;721;251
155;675;520

�1;532;094;364;651
155;675;520

�6;630;479;776;771
155;675;520

�35;999;233;471;051
155;675;520

2 982;150;494;698;309
6;227;020;800

178;559;835;040;523
6;227;020;800

39;896;100;785;477
6;227;020;800

14;416;393;946;891
6;227;020;800

532;071;643;661
249;080;832

33;191;727;291;659
6;227;020;800

142;950;967;195;973
6;227;020;800

775;760;249;154;827
6;227;020;800

1 �393;303;816;739
6;486;480

�1;397;571;412;901
129;729;600

�37;187;936;869
16;216;200

�98;765;696;693
129;729;600

�10;590;149;653
16;216;200

�41;643;930;661
25;945;920

�224;563;041;869
32;432;400

�4;882;688;924;777
129;729;600

0 7;028;987;165;449
691;891;200

721;470;910;481
415;134;720

721;220;745;563
2;075;673;600

72;812;006;087
691;891;200

25;116;366;157
296;524;800

431;000;077;397
2;075;673;600

41;566;759;079
46;126;080

10;196;716;797;013
2;075;673;600

3 3 5;896;382;977;423
45;287;424

5;407;733;702;789
226;437;120

1;231;949;387;723
226;437;120

457;249;528;517
226;437;120

420;341;161;931
226;437;120

203;912;134;273
45;287;424

4;322;531;771;339
226;437;120

23;315;424;178;373
226;437;120

2 �6;306;477;584;539
35;380;800

�11;450;077;957
353;808

�253;865;691;211
35;380;800

�5;527;715;497
2;211;300

�74;851;467;823
35;380;800

�5;445;142;127
1;105;650

�29;244;985;495
1;415;232

�983;492;927;359
8;845;200

1 428;668;917;728;281
6;227;020;800

76;273;513;229;143
6;227;020;800

3;240;510;296;069
1;245;404;160

5;227;966;881;367
6;227;020;800

4;100;880;843;289
6;227;020;800

9;306;913;817;431
6;227;020;800

38;941;083;744;793
6;227;020;800

41;910;140;004;779
1;245;404;160

0 �9;030;771;744;409
778;377;600

�1;550;584;925;161
778;377;600

�310;726;966;393
778;377;600

�18;415;814;357
155;675;520

�67;513;265;377
778;377;600

�151;441;370;209
778;377;600

�90;744;192;823
111;196;800

�3;423;798;156;193
778;377;600

2 2 1;272;280;750;118;197
20;756;736;000

229;456;135;916;827
20;756;736;000

49;883;478;342;517
20;756;736;000

16;476;387;815;707
20;756;736;000

12;780;967;457;077
20;756;736;000

28;199;161;918;747
20;756;736;000

116;487;285;372;277
20;756;736;000

624;177;436;330;267
20;756;736;000

1 �185;432;400;549;349
3;891;888;000

�32;903;428;273;669
3;891;888;000

�6;905;100;758;509
3;891;888;000

�2;129;103;852;829
3;891;888;000

�1;521;688;484;269
3;891;888;000

�3;233;549;114;749
3;891;888;000

�13;257;668;940;469
3;891;888;000

�70;944;310;593;109
3;891;888;000

0 36;019;630;238;453
4;447;872;000

43;315;366;304;381
31;135;104;000

8;624;638;348;211
31;135;104;000

2;458;417;783;421
31;135;104;000

1;631;589;107;891
31;135;104;000

3;388;533;713;021
31;135;104;000

13;873;328;286;131
31;135;104;000

10;610;581;100;123
4;447;872;000

1 1 581;791;881;407;369
62;270;208;000

102;080;471;419;559
62;270;208;000

20;863;031;646;089
62;270;208;000

6;047;605;530;599
62;270;208;000

3;944;861;897;609
62;270;208;000

7;965;255;985;319
62;270;208;000

32;268;504;444;809
62;270;208;000

172;229;708;657;639
62;270;208;000

0 �3;130;718;954;431
972;972;000

�1;069;457;397;287
1;945;944;000

�104;391;937;861
972;972;000

�56;245;265;927
1;945;944;000

�2;407;377;043
138;996;000

�65;611;168;187
1;945;944;000

�132;173;819;131
972;972;000

�1;410;106;709;147
1;945;944;000

0 0 5;870;785;406;797
20;756;736;000

986;005;096;387
20;756;736;000

26;446;172;491
2;965;248;000

46;388;292;547
20;756;736;000

25;116;366;157
20;756;736;000

46;388;292;547
20;756;736;000

26;446;172;491
2;965;248;000

986;005;096;387
20;756;736;000
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Table 6
Coefficients rr;ks ;‘;m appearing in the definition of the smoothness indicators br;ks ;iþ1

2
(16) for the WENO17 ðr ¼ 9Þ reconstruction.

‘ m ks ¼ 0 ks ¼ 1 ks ¼ 2 ks ¼ 3 ks ¼ 4 ks ¼ 5 ks ¼ 6 ks ¼ 7 ks ¼ 8

8 8 17;848;737;251;203
163;459;296;000

3;165;355;170;121
163;459;296;000

679;328;101;453
163;459;296;000

238;114;846;399
163;459;296;000

238;114;846;399
163;459;296;000

679;328;101;453
163;459;296;000

3;165;355;170;121
163;459;296;000

17;848;737;251;203
163;459;296;000

109;471;139;332;699
163;459;296;000

7 �189;555;672;759;617
100;590;336;000

�33;593;572;337;951
100;590;336;000

�1;026;441;378;647
14;370;048;000

�2;466;233;185;151
100;590;336;000

�2;297;804;363;777
100;590;336;000

�6;056;041;731;167
100;590;336;000

�3;844;139;848;343
14;370;048;000

�147;809;125;548;479
100;590;336;000

�894;628;364;420;801
100;590;336;000

6 9;355;064;903;078;053
1;307;674;368;000

1;655;072;196;501;883
1;307;674;368;000

70;341;062;456;897
261;534;873;600

117;272;649;474;139
1;307;674;368;000

20;216;075;320;673
261;534;873;600

247;582;660;569;403
1;307;674;368;000

1;063;191;201;446;533
1;307;674;368;000

1;152;669;616;433;567
261;534;873;600

34;709;567;828;765;989
1;307;674;368;000

5 �816;990;037;454;483
52;306;974;720

�3;601;784;423;075;141
1;307;674;368;000

�757;402;017;640;571
1;307;674;368;000

�48;633;489;917;473
261;534;873;600

�192;700;060;973;723
1;307;674;368;000

�17;694;932;119;757
52;306;974;720

�1;859;899;247;394;491
1;307;674;368;000

�10;036;258;935;621;221
1;307;674;368;000

�12;083;632;055;537;503
261;534;873;600

4 1;123;058;785;015;051
52;306;974;720

984;850;182;064;169
261;534;873;600

203;891;614;104;599
261;534;873;600

2;497;209;723;185
10;461;394;944

45;272;942;020;727
261;534;873;600

19;690;918;384;021
52;306;974;720

409;921;790;776;919
261;534;873;600

2;214;259;153;735;049
261;534;873;600

534;237;095;117;903
10;461;394;944

3 �24;911;758;529;750;003
1;307;674;368;000

�4;331;747;069;079;341
1;307;674;368;000

�877;252;492;928;723
1;307;674;368;000

�253;674;820;236;749
1;307;674;368;000

�167;888;314;942;259
1;307;674;368;000

�350;067;382;006;253
1;307;674;368;000

�1;457;105;112;643;091
1;307;674;368;000

�7;906;584;673;048;973
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Obviously (2) f ðxÞ are cell-averages [12] of hðxÞ. In practice h xþ 1
2 Dx

� �
is approximated by polynomials of degree

M; ph;iþ1
2
ðx; xi;DxÞ
hðxÞ u ph;iþ1
2
ðx; xi;DxÞ :¼

XM

m¼0

ch
m;iþ1

2

x� xi

Dx

� �m
)
ð2Þ

ð3aÞ

f ðxÞ u pf ;iþ1
2
ðx; xi;DxÞ :¼ 1

Dx

Z xþ1
2Dx

x�1
2Dx

ph;iþ1
2
ðn; xi;DxÞdðn� xiÞ ) ð3bÞ

f ðxÞ u pf ;iþ1
2
ðx; xi;DxÞ ¼

XM

m¼0

ch
m;iþ1

2

mþ 1
x� xi

Dx
þ 1

2

� �mþ1

� x� xi

Dx
� 1

2

� �mþ1
" #

ð3cÞ
and the M þ 1 coefficients ch
m;iþ1

2

ðm ¼ 0; . . . ;MÞ are computed by equating pf ;iþ1
2
ðx; xi;DxÞ (3c) to known values fiþ‘, at the

points of an appropriately selected stencil
si;M� ;Mþ :¼ fi�M�; . . . ; iþMþg; M� þMþ ¼ M; M� P 0; Mþ P 0 ð4Þ

resulting in an ðM þ 1Þ � ðM þ 1Þ linear system
fi�M� ¼ pf ;iþ1
2
ðxi �M�DxÞ

..

.

fiþMþ ¼ pf ;iþ1
2
ðxi þMþDxÞ

ð5Þ
with a similar system for the coefficients ch
m;i�1

2

ðm ¼ 0; . . . ;MÞ of the polynomial ph;i�1
2
ðx; xi�1;DxÞ approximating h x� 1

2 Dx
� �

on the shifted stencil si�1;M� ;Mþ ¼ ½i� 1�M�; . . . ; i� 1þMþ�. For M� þMþ ¼ M, these polynomials approximate hðxÞ to
OðDxMþ1Þ [23,27].

2.2. Upwind scheme

The family of upwind (UW) schemes (more precisely upwind-biased schemes) is constructed [1,2,14,3,4] by choosing
M� ¼ Mþ ¼ r � 1 in the definition of the stencil (4), i.e. M ¼ M� þMþ ¼ 2r � 2. Straightforward application of (5) yields
the coefficients cr;uw;m;iþ1

2
ðm ¼ 0; . . . ;2r � 2Þ of the polynomial pr;uw;iþ1

2
ðx; xi;DxÞ, with similar i-shifted relations for the poly-

nomial pr;uw;i�1
2
ðx; xi�1;DxÞ. Evaluation of f l

r;uw;iþ1
2

:¼ pr;uw;iþ1
2

xi þ 1
2 Dx; xi;Dx

� �
and f l

r;uw;i�1
2

:¼ pr;uw;i�1
2

xi � 1
2 Dx; xi�1;Dx

� �
yields the

left reconstructed values f l

r;uw;i�1
2

in the form
f l

r;uw;iþ1
2
¼

Xðr�1Þ

‘¼�ðr�1Þ
ar;uw;‘fiþ‘ ð6Þ
The coefficients ar;uw;‘ were given by Jiang and Shu [2] for r ¼ 2;3, and by Balsara and Shu [3] for r ¼ 4;5;6. They were also
computed in the present work for r ¼ 7;8;9, and tabulated (Table 1). Straightforward Taylor-expansions, in regions where
f ðxÞ is smooth, yield [1,2,14,3,4]
f l

r;uw;i�1
2
¼ h xi �

1
2

Dx
� �

þ Ar;uw;2r�1
d2r�1h

dx2r�1

�����
x

i�1
2

Dx2r�1 þ OðDx2rÞ ð7aÞ

f l

r;uw;iþ1
2
� f l

r;uw;i�1
2

Dx
¼ f 0ðxiÞ þ Ar;uw;2r�1

d2rf

dx2r

�����
xi

Dx2r�1 þ OðDx2rÞ ð7bÞ
where Ar;uw;m ðm P 2r � 1Þ are constants [27]. Because of the order-of-accuracy relation (7b) the UW scheme obtained using
M� ¼ Mþ ¼ r � 1 is called UW(2r � 1) [2,14,3,4]. The expression for the R-reconstructions at i� 1

2 (corresponding to informa-
tion propagating in the (�x)-direction) are obtained from the L-reconstructions at iþ 1

2 (corresponding to information prop-
agating in the (+x)-direction) by applying to (6) symmetry with respect to the point i [2,14]
f r

r;uw;i�1
2
¼

Xðr�1Þ

‘¼�ðr�1Þ
ar;uw;‘fi�‘ ð8aÞ

f r

r;uw;iþ1
2
¼

Xðr�1Þ

‘¼�ðr�1Þ
ar;uw;‘fi�‘þ1 ¼

Xr

‘¼�ðr�2Þ
ar;uw;1�‘fiþ‘ ð8bÞ
2.3. WENO reconstruction

2.3.1. Stencils
The UW reconstructions (6) work well for smooth flows [31], but, being linear, they do not ensure monotonicity for flows

with shock-waves or other discontinuities, as expected from the Godunov theorem [32]. In the presence of discontinuities,
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they must be replaced by nonlinear reconstructions [33,32]. The WENO(2r � 1) approach [1,2,14,3,4] achieves this by comput-
ing the reconstructed value as a weighted convex (positive weights) combination of r linear reconstructions
f l

r;ks ;iþ1
2
¼
Xðr�1Þ

‘¼0

ar;ks ;‘fiþks�‘; ks ¼ 0; . . . ; ðr � 1Þ ð9Þ
obtained on r different stencils (4)
si;r�1�ks ;ks ¼ fiþ ks � ðr � 1Þ; . . . ; iþ ksg; ks ¼ 0; . . . ; ðr � 1Þ ð10aÞ
[r�1

ks¼0

si;r�1�ks ;ks ¼ si;r�1;r�1 ð10bÞ
whose union (10b) is the stencil corresponding to the UW(2r � 1) scheme (6). The reconstructed value f l

r;ks ;iþ1
2

is obtained fol-

lowing (5), with M� ¼ r � 1� ks and Mþ ¼ ks, to define polynomials pr;ks ;iþ1
2
ðx; xi;DxÞ of degree r � 1, which are evaluated at

xi þ 1
2 Dx to give f l

r;ks ;iþ1
2

(9). The coefficients ar;ks ;‘ were given by Jiang and Shu [2] for r ¼ 2;3, and by Balsara and Shu [3] for

r ¼ 4;5;6. They were also computed in the present work for r ¼ 7;8;9, and tabulated (Table 2). Straightforward Taylor-
expansions, in regions where f ðxÞ is smooth, yield [1,2,14,3,4]
f l

r;ks ;iþ1
2
¼ hðxi þ

1
2

DxÞ þ
X1
m¼r

Ar;ks ;m
dmh
dxm

����
x

iþ1
2

Dxm ð11aÞ

f l

r;ks ;iþ1
2
� f l

r;ks ;i�1
2

Dx
¼ f 0ðxiÞ þ

X2r�2

m¼r

Ar;ks ;m
dmþ1f

dxmþ1

�����
xi

Dxm þ Ar;ks ;2r�1
d2rf

dx2r

�����
xi

Dx2r�1 þ OðDx2rÞ ð11bÞ
where Ar;ks ;m are tabulated constants.
Nonlinearity, necessary for monotonicity, is introduced in the definition of the weights xr;ks ;iþ1

2

f l

r;weno;iþ1
2
¼
Xðr�1Þ

ks¼0

xr;ks ;iþ1
2
f l

r;ks ;iþ1
2

ð12aÞ

Xðr�1Þ

ks¼0

xr;ks ;iþ1
2
¼ 1 ð12bÞ

xr;ks ;iþ1
2
P 0 8ks 2 f0; . . . ; r � 1g ð12cÞ
which are given in Sections 2.3.4 and 2.3.5.

2.3.2. Optimal weights
The Taylor-expansions (11) for the evaluation of f 0ðxÞ with the reconstructed values of each of the r stencils (10) can be

linearly combined, with constant weights Cr;ks to eliminate the terms of order less than OðDx2r�1Þ
Xr�1

ks¼0

Cr;ks Ar;ks ;r ¼ 0

..

.

Xr�1

ks¼0

Cr;ks Ar;ks ;2r�2 ¼ 0

Xr�1

ks¼0

Cr;ks ¼ 1

ð13Þ
where the first r � 1 equations are supplemented by the requirement that the weights sum up to 1. The resulting combina-
tion of the reconstructions of the r stencils is exactly equal to the upwind reconstruction (6) [1,2,14,3,4].
f l

r;uw;iþ1
2
¼
Xðr�1Þ

ks¼0

Cr;ks f
l

r;ks ;iþ1
2

ð14Þ
The coefficients Cr;ks > 0 were given by Jiang and Shu [2] for r ¼ 2;3, and by Balsara and Shu [3] for r ¼ 4;5;6. They were also
computed in the present work for r ¼ 7;8;9, and tabulated (Table 3).

The positive linear weights Cr;ks combine the reconstructions of the r stencils, to give the upwind reconstruction (6), and
thus achieve the highest possible accuracy of OðDx2r�1Þ. For this reason they are usually called optimal weights [1,2,14,3,4].
Notice that Cr;ks are constants, and thus do not depend on iþ 1

2 contrary to the nonlinear weights xr;ks ;i�1
2

(in general
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xr;ks ;iþ1
2

– xr;k s ;i�1
2
). Nonlinear weights xr;ks are designed to approach as closely as possible the optimal weights Cr;ks , in re-

gions where f ðxÞ is smooth, and thus to achieve the accuracy of the corresponding UW(2r � 1) scheme (7b).

2.3.3. Smoothness indicators
The WENO procedure requires a measure of smoothness to compare the r stencils which are combined to obtain the recon-

structed value. Invariably [2,3,5,4,6,7], the smoothness indicators introduced by Jiang and Shu [2] are used. They are defined
as
br;ks ;iþ1
2

:¼
Xr�1

m¼1

Dx2m�1
Z þ1

2Dx

�1
2Dx

dm

dnm pr;ks ;iþ1
2

	 
2

dðn� xiÞ ð15Þ
and are a continuous measure of the smoothness of all the derivatives approximated by pr;ks ;iþ1
2
, i.e. up to degree r � 1. Sub-

stitution of the expressions for the coefficients ch;r;ks ;m;iþ1
2

as linear combinations of the values of fiþ‘ in each stencil si;r�1�ks ;ks

(10) yields
br;ks ;iþ1
2
¼
Xðr�1Þ

‘¼0

X‘
m¼0

rr;ks ;‘;mfiþks�‘fiþks�m P 0 ð16Þ
The constant coefficients rr;ks ;‘;m were given by Jiang and Shu [2] for r ¼ 2;3, and by Balsara and Shu [3] for r ¼ 4;5;6. They
were also computed and tabulated in the present work for r ¼ 7 (WENO13, Table 4), r ¼ 8 (WENO15, Table 5), r ¼ 9 (WENO17,
Table 6).

2.3.4. Jiang–Shu nonlinear weights
The nonlinear weights are computed as
x
js;r;ks ;iþ1

2
¼

a
js;r;ks ;iþ1

2Pðr�1Þ
ms¼0ajs;r;ms ;iþ1

2

ð17aÞ

a
js;r;ks ;iþ1

2
¼ Cr;ks

�b þ br;ks ;iþ1
2

� �pb
ð17bÞ
The influence of the parameter �b, used to avoid division by 0 (Eq. (17b)), is examined in detail by Henrick et al. [4], who
showed the �b must be small enough for the theoretical WENO(2r � 1) order-of-accuracy relations (Section 2.3.6) to be valid.
In the present work we used the intrinsic FORTRAN95 function tinyðbr;ks

Þ, which gives the smallest computer-representable
value of variables of kindðbr;ks

Þ. Notice that �b is added to br;k s ;iþ1
2

� �pb

(17b), in lieu of the usual expression
�b þ br;ks ;iþ1

2

� �pb

[2–4]. The appropriate value of the exponent pb is discussed in Section 3.3.

2.3.5. WENOM
Recently, Henrick et al. [4] have undertaken a thorough study of the performance and effective order of WENO schemes. The

basic nonlinear mechanism in the WENO reconstruction (nonlinear weights xr;ks ;iþ1
2
) modifies the optimal weights ðCr;ks Þ to bias

the convex combination of stencils (12) toward the smoother stencils, removing as much as possible stencils containing dis-
continuities of the solution [2,3]. Henrick et al. [4] demonstrated that the increased numerical dissipation, associated with
the departure of the Jiang–Shu nonlinear weights x

js;r;ks ;iþ1
2

from the optimal weights Cr;ks , can be reduced by using mapped
nonlinear weights, through a mapping function g

m
ðx;CÞ, which delays the departure of xr;ks ;iþ1

2
from the optimal value of

Cr;ks . The weights of the resulting WENOM scheme read [4]
x
mjs;r;ks ;iþ1

2
¼

a
mjs;r;ks ;iþ1

2Pðr�1Þ
ms¼0amjs;r;ms ;iþ1

2

ð18aÞ

a
mjs;r;ks ;iþ1

2
¼ g

m
x

js;r;ks ;iþ1
2
; Cr;ks

� �
ð18bÞ

g
m
ðx; CÞ :¼ xðC þ C2 � 3Cxþx2Þ

C2 þxð1� 2CÞ
ð18cÞ
where the x
js;r;ks ;iþ1

2
are the Jiang–Shu [2] nonlinear weights (17) of the corresponding WENO(2r � 1) scheme.

2.3.6. Taylor-expansions and order-of-accuracy
Sufficient conditions for the WENO(2r � 1) scheme to be effectively OðDx2r�1Þ, when f ðxÞ is smooth over all of the stencils

si;r�1�ks ;ks (10), are given by Jiang and Shu [2], Henrick et al. [4] and Borges et al. [7]. Combining (12) and (14) yields
f l

r;weno;iþ1
2
� f l

r;weno;i�1
2

Dx
¼

f l

r;uw;iþ1
2
� f l

r;uw ;i�1
2

Dx
þ 1

Dx

Xr�1

ks¼0

xr;ks ;iþ1
2
� Cr;ks

� �
f l

r;ks ;iþ1
2

� �
�
Xr�1

ks¼0

xr;ks ;i�1
2
� Cr;ks

� �
f l

r;ks ;i�1
2

� �( )
ð19Þ
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and using the order-of-accuracy relations (7) and (11)
f l

r;weno;iþ1
2
� f l

r;weno;i�1
2

Dx
¼ f 0ðxiÞ þ OðDx2r�1Þ þ 1

Dx

Xr�1

ks¼0

xr;ks ;iþ1
2
� Cr;ks

� �
h xi þ

1
2

Dx
� �

þ
X1
m¼r

Ar;ks ;m
dmh
dxm

����
x

iþ1
2

Dxm

0
@

1
A

2
4

3
5

8<
:

�
Xr�1

ks¼0

xr;ks ;i�1
2
� Cr;ks

� �
h xi �

1
2

Dx
� �

þ
X1
m¼r

Ar;ks ;m
dmh
dxm

����
x

i�1
2

Dxm

0
@

1
A

2
4

3
5
9=
;

¼ f 0ðxiÞ þ OðDx2r�1Þ þ 1
Dx

Xr�1

ks¼0

xr;ks ;iþ1
2
�
Xr�1

ks¼0

Cr;ks

 !
h xi þ

1
2

Dx
� �(

�
Xr�1

ks¼0

xr;ks ;i�1
2
�
Xr�1

ks¼0

Cr;ks

 !
h xi �

1
2

Dx
� �)

þ 1
Dx

Xr�1

ks¼0

xr;ks ;iþ1
2
� Cr;ks

� � X1
m¼r

Ar;ks ;m
dmh
dxm

����
x

iþ1
2

Dxm

0
@

1
A

2
4

3
5

8<
:

�
Xr�1

ks¼0

xr;ks ;i�1
2
� Cr;ks

� � X1
m¼r

Ar;ks ;m
dmh
dxm

����
x

i�1
2

Dxm

0
@

1
A

2
4

3
5
9=
; ð20Þ
and since both the nonlinear (12b) and the optimal (13) weights sum up to 1
f l

r;weno;iþ1
2
� f l

r;weno;i�1
2

Dx
¼ f 0ðxiÞ þ OðDx2r�1Þ þ

Xr�1

ks¼0

xr;k s ;iþ1
2
� Cr;ks

� � X1
m¼r

Ar;ks ;m
dmh
dxm

����
x

iþ1
2

Dxm�1

0
@

1
A

2
4

3
5

�
Xr�1

ks¼0

xr;ks ;i�1
2
� Cr;ks

� � X1
m¼r

Ar;ks ;m
dmh
dxm

����
x

i�1
2

Dxm�1

0
@

1
A

2
4

3
5 ð21Þ
Obviously, keeping in mind that, in general, xr;ks ;iþ1
2

– xr;ks ;i�1
2
, sufficient conditions for the WENO scheme to approximate f 0 to

OðDx2r�1Þ are
xr;ks ;i�1
2
� Cr;ks ¼ OðDxrÞ 8ks ð22Þ
Jiang and Shu [2] demonstrated that sufficient conditions for the WENO scheme to approximate f 0 to OðDx2r�1Þ are verified by
considering Taylor-expansions of the smoothness indicators br;ks ;iþ1

2
, and requiring [2] that
br;ks ;iþ1
2
¼ Db

r;iþ1
2

ð1þ OðDxr�1ÞÞ ð23Þ
where Db
r;iþ1

2

ðf 0ðxiÞ; f 00ðxiÞ; . . . ; DxÞ is independent of ks (the same for all stencils) at fixed r (for a given order).

Straightforward formal calculus (which was performed using Maxima [34]), shows that the results for the Taylor-expan-
sions of br;ks ;iþ1

2
can be given in a very simple form
T b2;ks ;iþ1
2

� �
¼ Qb2

Dx2 þ Bb2;ks

df
dx

d2f

dx2

" #
x¼xi

Dx3 þ OðDx4Þ ð24aÞ

T b3;ks ;iþ1
2

� �
¼ Qb2

Dx2 þ Qb4
Dx4 þ Bb3;ks

df
dx

d3f

dx3

" #
x¼xi

Dx4 þ OðDx5Þ ð24bÞ

T b4;ks ;iþ1
2

� �
¼ Qb2

Dx2 þ Qb4
Dx4 þ Bb4;ks

df
dx

d4f

dx4

" #
x¼xi

Dx5 þ OðDx6Þ ð24cÞ

T b5;ks ;iþ1
2

� �
¼ Qb2

Dx2 þ Qb4
Dx4 þ Qb6

Dx6 þ Bb5;ks

df
dx

d5f

dx5

" #
x¼xi

Dx6 þ OðDx7Þ ð24dÞ

T b6;ks ;iþ1
2

� �
¼ Qb2

Dx2 þ Qb4
Dx4 þ Qb6

Dx6 þ Bb6;ks

df
dx

d6f

dx6

" #
x¼xi

Dx7 þ OðDx8Þ ð24eÞ

T b7;ks ;iþ1
2

� �
¼ Qb2

Dx2 þ Qb4
Dx4 þ Qb6

Dx6 þ Qb8
Dx8 þ Bb7;ks

df
dx

d7f

dx7

" #
x¼xi

Dx8 þ OðDx9Þ ð24fÞ

T b8;ks ;iþ1
2

� �
¼ Qb2

Dx2 þ Qb4
Dx4 þ Qb6

Dx6 þ Qb8
Dx8 þ Bb8;ks

df
dx

d8f

dx8

" #
x¼xi

Dx9 þ OðDx10Þ ð24gÞ

T b9;ks ;iþ1
2

� �
¼ Qb2

Dx2 þ Qb4
Dx4 þ Qb6

Dx6 þ Qb8
Dx8 þ Qb10

Dx10 þ Bb9;ks

df
dx

d9f

dx9

" #
x¼xi

Dx10 þ OðDx11Þ ð24hÞ
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or in more compact form
T br;ks ;iþ1
2

� �
¼
Xrþ1

2b c

‘¼1

Qb2‘
ðxiÞDx2‘ þ Bbr;ks

df
dx

drf
dxr

	 

x¼xi

Dxrþ1 þ OðDxrþ2Þ; ks ¼ 0; . . . ; r � 1; r ¼ 2; . . . ;9 ð25Þ
where all the derivatives are evaluated at x ¼ xi, and
Qb2
ðxÞ ¼ df

dx

� �2
" #

ð26aÞ

Qb4
ðxÞ ¼ 13

12
d2f

dx2

 !2
2
4

3
5 ð26bÞ

Qb6
ðxÞ ¼ 781

720
d3f

dx3

 !2

� 1
360

d2f

dx2

d4f

dx4

2
4

3
5 ð26cÞ

Qb8
ðxÞ ¼ 32;803

30;240
d4f

dx4

 !2

� 43
15;120

d3f

dx3

d5f

dx5 þ
1

15;120
d2f

dx2

d6f

dx6

2
4

3
5 ð26dÞ

Qb10
ðxÞ ¼ 1;312;121

1;209;600
d5f

dx5

 !2

� 1721
604;800

d4f

dx4

d6f

dx6 þ
41

604;800
d3f

dx3

d7f

dx7 �
1

604;800
d2f

dx2

d8f

dx8

2
4

3
5 ð26eÞ
Obviously, the common part ð8ks; rfixedÞ, at a regular point ðf 0ðxiÞ – 0Þ is
Db
r;iþ1

2

:¼
Xrþ1

2b c

‘¼1

Qb2‘
ðxiÞDx2‘ ð27Þ
and condition (23) is verified, at points where f 0 – 0. Henrick et al. [4] and Borges et al. [7] further investigate the order rela-
tions for the WENO5 scheme. The complete evaluation of the order relations for the WENO(2r � 1) scheme can be obtained by
making full asymptotic expansions of the WENO reconstruction (12).

Notice, however, that observation of the Taylor-expansions of br;ks ;iþ1
2

(24) or of the general relation (25), reveals a differ-
ence between the cases r even or odd. Indeed, for r odd, the common part Db

r;iþ1
2

includes terms up to OðDxrþ1Þ, the differences

br;ks ;iþ1
2
� br;ms ;iþ1

2
ðks – msÞ being OðDxrþ1Þ. On the other hand, for r even, the common part includes terms up to OðDxrÞ, the

differences br;ks ;iþ1
2
� br;ms ;iþ1

2
ðks – msÞ being OðDxrþ1Þ. Furthermore, closer examination of the coefficients Bbr;ks

of the leading

term of the noncommon part (Table 7), suggests that
Bbr;ks
¼ ð�1Þr�1Bbr;r�1�ks

; ks ¼ 0; . . . ; r � 1; r ¼ 2; . . . ;9 ð28Þ
The above observations were exploited, in the particular case r ¼ 3, by Borges et al. [7], to develop the WENOZ5 nonlinear
weights.

2.4. Boundary treatment

In the neighbourhood of the boundaries of the computational domain there are not enough points for the reconstruction
stencils used (Eqs. (6), (8), (9), (12), (16) and (17)). At these nodes, the reconstruction-order is progressively reduced (when
points in the stencil are not available) down to the UW1 scheme (for nodes where the UW1 stencil points are not available, a
simple linear extrapolation procedure is used [35]).

Periodicity-boundaries and/or interfaces between grid-domains, are treated using a phantom-nodes technique, i.e. by
adding phantom-nodes corresponding to actual grid-nodes of the neighbouring domain. The number of phantom nodes
was determined by requiring that the grid-node at the boundary should have a complete discretization stencil. This implies,
that the UW(2r � 1) or the WENOM(2r � 1) schemes, which use an ½i� r; iþ r� stencil at point i, require Nph ¼ r phantom nodes
r ¼ 2; uw03 : Nph ¼ 2
r ¼ 3; uw05 : Nph ¼ 3
r ¼ 4; uw07 : Nph ¼ 4
r ¼ 5; uw09 : Nph ¼ 5
r ¼ 6; uw11 : Nph ¼ 6
r ¼ 7; uw13 : Nph ¼ 7
r ¼ 8; uw15 : Nph ¼ 8
r ¼ 9; uw17 : Nph ¼ 9

ð29Þ



Table 7
Coefficients Bbr;ks

in the Taylor-expansions of the Jiang–Shu [2] smoothness indicators br;ks ;iþ1
2

(16), for r ¼ 2; . . . ;9 (WENO3, . . . , WENO17), up to the lowest order for

which T br;ks ;iþ1
2

� �
– T br;‘s ;iþ1

2

� �
ðks – ‘sÞ, at a regular point ðf 0 – 0Þ.

ks r = 9 r = 8 r = 7 r = 6 r = 5 r = 4 r = 3 r = 2

Bbr;ks

0 � 2
9 � 1

4 � 2
7 � 1

3 � 2
5 � 1

2 � 2
3

�1

1 þ 1
36 þ 1

28 þ 1
21 þ 1

15 þ 1
10 þ 1

6 þ 1
3

+1

2 � 1
126 � 1

84 � 2
105 � 1

30 � 1
15 � 1

6 � 2
3

3 þ 1
252 þ 1

140 þ 1
70 þ 1

30 þ 1
10 þ 1

2

4 � 1
315 � 1

140 � 2
105 � 1

15 � 2
5

5 þ 1
252 þ 1

84 þ 1
21 þ 1

3

6 � 1
126 � 1

28 � 2
7

7 þ 1
36 þ 1

4

8 � 2
9
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3. Basic results for the advection equation

3.1. The advection equation with periodic boundary-conditions

We study the advection equation [1–4]
@u
@t
þ @u
@x
¼ 0; x 2 ½�1;1� ð30aÞ

uðt; x ¼ �1Þ ¼ uðt; x ¼ þ1Þ ð30bÞ
uðt ¼ 0; xÞ ¼ u0ðxÞ ð30cÞ
with periodic boundary-conditions (BCs) and different initial conditions (ICs) u0ðxÞ. The periodicity conditions are applied by
adding, at each end of the computational domain (x < �1 and x > þ1) Nph ¼ r phantom nodes, for the (2r � 1)-order scheme
(Section 2.4). These phantom nodes are updated at each RK-stage, from the corresponding values of actual nodes. In this way,
the first and last actual grid-nodes have a complete stencil for the WENO reconstruction. The reconstruction procedure, for the
phantom nodes, is applied by progressively reducing the order, based on the available points for constructing the stencil.
Since the phantom nodes are updated at each RK-stage, using values from actual nodes with a complete stencil si;r;r , this pro-
cedure preserves the OðDx2r�1Þ accuracy of the scheme.

3.2. Time-integration

To study the actual order-of-accuracy, by determining the rate-of-convergence rcnvrg of the various schemes for selected
test-problems, it is useful to apply time-discretizations of the same order as the space-discretization. It is well known [36]
that A-stable general purpose Runge–Kutta (RK) routines of such high-order (up to 17) are either not readily available, or else
require a very large number of stages [36]. Furthermore, the requirement that the method be strong-stability-preserving (SSP)
[23,27,37–40] for the general nonlinear case, complicates the problem even more.

In the present study we used linear strong-stability-preserving Runge–Kutta algorithms (‘SSPRK), which are SSP for linear
problems [37–39]. We used in particular the Mrk-stages methods of ðMrk � 1Þ-order ð‘ssprkðMrk;Mrk � 1ÞÞ, developed by
Gottlieb et al. [37], whose coefficients can be determined recursively, up to the desired order of accuracy, [39, p. 116] These
schemes have CFL-coefficient ccfl ¼ 2, where ccfl :¼ Dtstab=Dtstabfe

is the ratio of the stability-time-step of the ‘SSPRK method
Dtstab to the stability-time-step of the explicit forward-Euler method Dtstabfe

, for the particular problem studied. Obviously
the CFL-coefficient ccfl ¼ 2 should not be confused with the CFL-number [37–40]. Another advantage presented by these meth-
ods is that all the b-coefficients (in the RK formulation of Shu and Osher [23,27]) are positive, so that they do not require the
use of the downwind-operator [23,27,37–40]. For general nonlinear problems, the ‘ssprkðMrk;Mrk � 1Þmethods are no long-
er OðDtMrk�1Þ.

3.3. Influence of the exponent pb

The exponent pb (Eq. (17b)) is a free parameter in the formulation of the WENO(M) schemes, and has no direct influence on
the formal order-of-accuracy of the scheme [1–4]. It does, however, control the amount of nonlinear dissipation [4], which
increases with increasing pb. The original proposal of Liu et al. [1] was pb ¼ r for the WENO(2r � 1) scheme. Jiang and Shu [2]
suggested that pb ¼ 2 is an appropriate choice for the WENO3 ðr ¼ 2Þ and for the WENO5 ðr ¼ 3Þ schemes. Balsara and Shu [3]
who computed the coefficients up to the WENO11 scheme, did not study the influence of the exponent pb for test-cases with
discontinuities, which were run, instead, using the MPWENO schemes. Martín et al. [10] have shown that pb ¼ 1 (low-dissipa-
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tion) may be sufficient for the WENO5 ðr ¼ 3Þ scheme (with a low cfl ¼ 0:2), but not for the WENO7 ðr ¼ 4Þ scheme, which re-
quires pb ¼ 2 to preserve monoticity [10].

We study in detail the influence of the value of the exponent pb for the advection of a square wave
Fig. 1.
u0ðxÞ ¼
of the e
cfl ¼ D
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2 6 x < 1
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8><
>: ; x 2 ½�1;1� ð31Þ
The wave was advected 8 times through the computational domain, using the ‘ssprkð2r;2r � 1Þ time-integration procedure,
with cfl ¼ 0:8, along with the corresponding WENO(2r � 1) or WENOM(2r � 1) scheme, with 2 different values of pb (pb ¼ 2 or
pb ¼ r). The computations (Figs. 1 and 2) were run on progressively refined computational grids of Nx ¼ 21;41;81;
161;321;641 points (not counting the phantom nodes). The WENOM(2r � 1) schemes with pb ¼ r (Fig. 1) correctly reproduce
the square wave 8r as Nx increases. Even on the very coarse Nx ¼ 21 points grid, the square wave is correctly reproduced for
Comparison of the analytical solution with the numerical solution of the linear advection equation @t þ @xu ¼ 0 ðx 2 ½�1;1�Þ, with periodic BCs, and IC

uuðxÞ (31), advected 8 times through the computational domain, obtained with the WENOM(2r � 1) schemes for r 2 f3; . . . ;9g, with 2 different values
xponent pb in the definition of the Jiang–Shu [2] nonlinear weights (17b) (pb ¼ 2 and pb ¼ r), using ‘ssprkð2r;2r � 1Þ time-integration [39] with
tDx�1 ¼ 0:8, on progressively refined computational grids (Nx ¼ 21;41;81;161;321;641 points).
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r P 7 (WENOM13, WENOM15, WENOM17; pb ¼ r). On the other hand, the WENOM(2r � 1) schemes with pb ¼ 2 (Fig. 1) work well up
to r ¼ 5 (WENOM9), but become oscillatory for r P 6 (Fig. 1). The same conclusions apply to the WENO(2r � 1) schemes (Fig. 2),
which, however, being more dissipative than the corresponding WENOM(2r � 1) schemes, remain ENO, for pb ¼ 2, for r 6 6, but
are oscillatory for r P 7 (Fig. 2), in agreement with the recommandation of Balsara and Shu [3], who developed wenopb¼2

schemes up to r ¼ 6.
Obviously, as r increases, the value pb ¼ 2 has also to be increased. The value pb ¼ r (which was the original proposition of

Liu et al. [1]) ensures ENO behaviour in all cases. Nonetheless, this value is probably too high. The determination of the opti-
mal (lowest, and hence less dissipative) value pbðrÞ 2 ½2; r� will be the subject of a future study.
3.4. Test-cases

The performance and order-of-accuracy of the various schemes is studied by comparing with the exact solution of the
advection equation (30) for different initial conditions (ICs). All of the computations used the corresponding
‘ssprkð2r;2r � 1Þ time-discretization.
Fig. 2. Comparison of the analytical solution with the numerical solution of the linear advection equation @t þ @xu ¼ 0 ðx 2 ½�1;1�Þ, with periodic BCs, and IC

u0ðxÞ ¼ uuðxÞ (31), advected 8 times through the computational domain, obtained with the WENO(2r � 1) schemes for r 2 f3; . . . ;9g, with 2 different values of
the exponent pb in the definition of the Jiang–Shu [2] nonlinear weights (17b) (pb ¼ 2 and pb ¼ r), using ‘ssprkð2r;2r � 1Þ time-integration [39] with
cfl ¼ DtDx�1 ¼ 0:8, on progressively refined computational grids (Nx ¼ 21;41;81;161;321;641 points).
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3.4.1. u0ðxÞ ¼ sinðpxþ p�1 sinpxÞ
We computed this test-case [4], using the UW(2r � 1), and the WENO(2r � 1) or WENOM(2r � 1) schemes, with pb ¼ 2 and

pb ¼ r (Fig. 3). The wave was advected 10 times through the computational domain, using ‘ssprkð2r;2r � 1Þ time-discreti-
zation with cfl ¼ 1. As the number of cells ðNc ¼ Nx � 1Þ increases, the L1-norm of the error [4] eL1 of the UW(2r � 1) scheme
Fig. 3. L1-norm error eL1 and rate-of-convergence rcnvrgL1
, as a function of the number of grid-cells Nc ¼ Nx � 1, for the UW(2r � 1), WENO(2r � 1) and

WENOM(2r � 1) reconstructions ðr ¼ 3; . . . ;9Þ, with pb ¼ 2 and pb ¼ r, for the linear advection equation @t þ @xu ¼ 0 ðx 2 ½�1;1�Þ, with periodic BCs, and IC

u0ðxÞ ¼ sinðpxþ p�1 sinpxÞ, using ‘ssprkð2r;2r � 1Þ time-integration [39] with cfl ¼ DtDx�1 ¼ 1 (the wave was advected 10 times through the
computational domain).
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decreases, with the theoretical rate-of-convergence [2,4] rcnvrgL1
¼ 2r � 1. The computations were performed using 128-bit

arithmetic (quadruple precision; real*16 [41]), and the UW17 scheme already reaches machine-precision on an Nx ¼ 641
points grid (Fig. 3).

It is well known [4] that WENO schemes do not reach their formal order-of-accuracy of OðDx2r�1Þ at critical points
u00ðxcpÞ ¼ 0
� �

. At such points, the first terms retained in the Taylor-expansions of the smoothness indicators br;ks ;iþ1
2

(27) which
Fig. 4. L1-norm error eL1 and rate-of-convergence rcnvrgL1
, as a function of the number of grid-cells Nc ¼ Nx � 1, for the UW(2r � 1), WENO(2r � 1) and

WENOM(2r � 1) reconstructions ðr ¼ 3; . . . ;9Þ, with pb ¼ 2 and pb ¼ r, for the linear advection equation @t þ @xu ¼ 0 ðx 2 ½�1;1�Þ, with periodic BCs, and IC

u0ðxÞ ¼ sin4 px, using ‘ssprkð2r;2r � 1Þ time-integration [39] with cfl ¼ DtDx�1 ¼ 1 (the wave was advected 10 times through the computational domain).
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scheme (Fig. 3). Expectedly, and in agreement with the analysis of Henrick et al. [4, Table 10, p. 566], the WENO(2r � 1)
schemes have a rate-of-convergence of rcnvrgL1

¼maxð2r � 2� ncp;ncp; r � 1Þ ¼maxð2r � 3;1; r � 1Þ (Fig. 3). The WENO11
ðr ¼ 6Þ and the WENO17 ðr ¼ 9Þ schemes (Fig. 3), have not reached their asymptotic rcnvrgL1

at Nc ¼ 1200, but are still 1 order
Fig. 6. Comparison of the analytical solution with the numerical solution of the linear advection equation @t þ @xu ¼ 0 ðx 2 ½�1;1�Þ, with periodic BCs, and IC

u0ðxÞ ¼ ujsðxÞ (Jiang–Shu [2, p. 213] waveform), convected 8 times through the computational domain, obtained with the WENOM5 (pb ¼ 2 and pb ¼ r ¼ 3),
the WENOM11 ðpb ¼ r ¼ 6Þ, and the WENOM17 ðpb ¼ r ¼ 9Þ schemes, using ‘ssprkð2r;2r � 1Þ time-integration [39] with cfl ¼ DtDx�1 ¼ 0:8, on a grid of
Nx ¼ 201 points (Nc ¼ 200 cells).
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higher (10 and 16, respectively, instead of 9 and 15). Closer examination indicates that, for these 2 schemes, rcnvrgL1
is not yet

stabilized but dropping.
Notice (Fig. 3) that the influence of the exponent pb is small. The higher values pb ¼ r giving marginally higher values of

eL1 , and, of course (cf. Section 2.3.6) pb has no influence on the rate-of-convergence, once the asymptotic region is reached
(Fig. 3). Notice also (Fig. 3) a superconvergence accident [2,4] for the WENO schemes, especially with pb ¼ 2, at intermediate
values of Nc , for r P 7. For instance, with the WENO15 scheme ðr ¼ 8Þ; rcnvrgL1

¼ 15, for pb ¼ 2, at Nc ¼ 160, then dropping to
the theoretically [4] expected value of 13 for Nc P 320 (Fig. 3).

3.4.2. u0ðxÞ ¼ sin4 px
This wave [2] is more complex because the degree of the critical points [4] is ncp ¼ 3 u00ðxcpÞ ¼ 0; u000ðxcpÞ ¼ 0;

�
u0000 ðxcpÞ ¼ 0; u00000 ðxcpÞ – 0Þ. We computed this test-case [2], using the UW(2r � 1), and the WENO(2r � 1) or WENOM(2r � 1)
schemes, with pb ¼ 2 and pb ¼ r (Fig. 4). The wave was advected 10 times through the computational domain, using
‘ssprkð2r;2r � 1Þ time-discretization with cfl ¼ 1. Again (Fig. 4), the UW(2r � 1) schemes reach rapidly their theoretical
rate-of-convergence [2,4] rcnvrgL1

¼ 2r � 1. The WENOM(2r � 1) schemes, for r P 5, converge, as Nc increases, to the corre-
sponding upwind scheme (Fig. 4), the final asymptotic rate-of-convergence being independent of pb. Nonetheless, the con-
vergence of the WENOM scheme to the corresponding upwind scheme, as Nc increases, is slower for pb ¼ r than for pb ¼ 2
(Fig. 4).

For r ¼ 5, e.g. the WENOM9 scheme, with pb ¼ r, converges asymptotically to the UW9 scheme (Fig. 4), as late as Nc ¼ 1200,
inducing a superconvergence accident [2], also observed for the WENOM13 ðr ¼ 7Þ, WENOM15 ðr ¼ 8Þ, WENOM17 ðr ¼ 9Þ schemes
(Fig. 4). Notice also that, for r ¼ 5, the WENOM9 schemes achieve rcnvrgL1

¼ 2r � 1 ¼ 9 (Fig. 4), which is in contradiction with
the analysis of Henrick et al. [4] (which predicts rcnvrgL1

ðwenom9Þ ¼ 7).
Concerning the WENO(2r � 1) schemes (without mapping of the nonlinear weights), there is very little influence of pb

(Fig. 4). Examination of the loss of accuracy at the ncp ¼ 3 critical points (Fig. 4) suggest that the behaviour is different for
r odd or even. For r even ðr ¼ 4;6;8Þ the numerical results are in agreement with the analysis of Henrick et al. [4], predicting
rcnvrgL1

¼ maxð2r � 2� ncp;ncp; r � 1Þ ¼ maxð2r � 5;3; r � 1Þ, i.e. loss of 4 orders (Fig. 4). On the other hand, for the
WENO(2r � 1) schemes with r odd ðr ¼ 5;7;9Þ the loss of accuracy (rate-of-convergence rcnvrgL1

) is of only 2 orders (Fig. 4).
It is probable that this difference in behaviour for r odd or even is related to the observed differences (cf. Section 2.3.6) in
the Taylor-expansions of the smoothness indicators br;ks ;iþ1

2
.

Notice also that (22) and (23) are sufficient (but not necessary) conditions for the WENO(2r � 1) scheme to be OðDx2r�1Þ. Fur-
thermore, the corresponding analysis based on Taylor-expansions of the smoothness indicators does not investigate the influ-
ence of the difference between xr;ks ;iþ1

2
and xr;ks ;i�1

2
(it is this that makes (22) a sufficient but not necessary condition). Further

work, based on the full asymptotic expansions of the WENO (WENOM) reconstructions, is necessary to clarify this behaviour.

3.4.3. u0ðxÞ ¼ ujsðxÞ
Finally, we computed the advection of the Jiang–Shu [2, p. 213] waveform, which consists of a smooth but narrow com-

bination of Gaussians, a square wave, a sharp triangle wave, and a half ellipse (Figs. 5 and 6), using the WENOM5 (pb ¼ 2 and
pb ¼ r ¼ 3), the WENOM11 ðpb ¼ r ¼ 6Þ, and the WENOM17 ðpb ¼ r ¼ 9Þ schemes. The wave was advected 8 times through the
computational domain, using ‘ssprkð2r;2r � 1Þ time-integration with cfl ¼ 0:8. On the coarse Nx ¼ 101 points grid
(Fig. 5) the WENOM5 schemes (both pb ¼ 2 and pb ¼ r ¼ 3) fail to accurately describe the square wave (which looks in the
numerical solution more like a sinusoidal wave), and severely underestimate the peaks of both the Gaussians and of the tri-
angle wave (Fig. 5). Furthermore, the flat regions uðx; tÞ ¼ 0 between waves, are mistaken for sinusoidal waves (Fig. 5), be-
cause of the coarseness of the mesh. The situation is substantially improved by the WENOM11 ðpb ¼ r ¼ 6Þ scheme, and
especially by the WENOM17 ðpb ¼ r ¼ 9Þ scheme (Fig. 5), which not only resolves the square wave, but also recognizes the flat
regions uðx; tÞ ¼ 0 between waves, even on this very coarse Nx ¼ 101 points grid. On a twice finer Nx ¼ 201 points grid
(Fig. 6), the WENOM17 ðpb ¼ r ¼ 9Þ scheme gives very good agreement with the analytical solution (and so does, to a somehow
lesser extent, the WENOM11; pb ¼ r ¼ 6 scheme), while remaining perfectly ENO. On this finer Nx ¼ 201 points grid (Fig. 6) the
WENOM5 (pb ¼ 2 and pb ¼ r ¼ 3) schemes have resolution similar to the WENOM17 ðpb ¼ r ¼ 9Þ scheme on the Nx ¼ 101 points
grid (Fig. 5). These results illustrate very well the improvement in accuracy by the high-order WENOM schemes.

4. Burgers equation

To verify that the results obtained for the linear advection equation are also valid for the nonlinear scalar case (nonlinear
scalar hyperbolic conservation law), we applied the family of WENOM(2r � 1) reconstructions, with pb ¼ r, to the Burgers equa-
tion [22,23,1]
@u
@t
þ @

@x
1
2

u2
� �

¼ 0; x 2 ½0;2� ð32aÞ

uðt; x ¼ 0Þ ¼ uðt; x ¼ 2Þ ð32bÞ

uðt ¼ 0; xÞ ¼ u0ðxÞ ¼
1
2
þ sinpx ð32cÞ
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@u
@t
þ @FðuÞ

@x
¼ 0() @

@t

q
qu

qet

2
64

3
75þ @

@x

qu

qu2 þ p

quht

2
64

3
75 ¼ 0 ð33Þ
where u ¼ ½q;qu;qet �t is the vector of conservative variables, FðuÞ ¼ ½qu;qu2 þ p;quht�t is the flux, q is the density, u is the
velocity, p is the pressure, et ¼ eþ 1

2 u2 is the total internal energy, e is the internal energy, ht ¼ hþ 1
2 u2 is the total enthalpy,

h ¼ eþ pq�1 is the enthalpy. We assume perfect gas thermodynamics, with
p ¼ ðc� 1Þq et �
1
2

u2
� �

¼ c� 1
c

q ht �
1
2

u2
� �

; a ¼
ffiffiffiffiffiffiffi
c

p
q

r
ð34Þ
where a is the speed-of-sound [43]. We will note
v :¼
q
u

p

2
64

3
75 ð35Þ
the vector of primitive variables. For all of the test-cases studied c ¼ 1:4.

5.2. Remarks on the scalar WENO reconstruction

The numerical experiments, presented in Section 3 for the advection equation (using ‘ssprkð2r;2r � 1Þ) and in Section 4
for the Burgers equation (using SSPRK(8,3)), indicate that the scalar WENOM(2r � 1) reconstruction, with pb ¼ r, is ENO, with
cfl 2 ½0:8;1�, both for linear and for nonlinear scalar hyperbolic conservation laws. Therefore, the wenompb¼r scalar recon-
structions will be used as basic building block of the variables reconstruction for the Euler equations.

5.3. Local characteristic reconstruction

The extension of the scalar WENOM reconstruction to systems of hyberbolic conservation laws, whether applied to fluxes
[2–4] or to variables [5,13,6] (this was also the choice made in the original ENO schemes [12]), is based on local characteristic
decomposition [12]
wiþ1
2;iþ‘

:¼ L uavg

iþ1
2

� �
uiþ‘; iþ ‘ 2 si;r�1;r�1 :¼ fi� ðr � 1Þ; . . . ; iþ ðr � 1Þg ð36Þ
where L is the matrix of left eigenvectors [12] of the flux-Jacobian AðuÞ :¼ @uF and uavg

iþ1
2
ðui;uiþ1Þ is an average state at the inter-

face. There are several possible choices for uavg

iþ1
2
, such as [12] arithmetic average, or Roe-average [44]. In the present work we

have used
uavg

iþ1
2
¼ ugdnv

rs
ðui; uiþ1Þ ð37Þ
where ugdnv

rs
ðul; urÞ is the Godunov state obtained by sampling the exact solution of the ðul;urÞ Riemann problem (cf. Section

5.6). The WENOM-reconstructed characteristic variables are then projected back to the conservative variables space, using the
matrix of the right eigenvectors R ¼ L�1 [12]
ul

r;wenomc ;iþ1
2
¼ R uavg

iþ1
2

� �
wl

r;wenom;iþ1
2

wiþ1
2;i�ðr�1Þ; . . . ;wiþ1

2;iþðr�1Þ

� �
ð38Þ
where the WENOM reconstruction of w is understood as the scalar reconstruction of each characteristic field. Notice [12,5] that
the much simpler componentwise reconstruction of either primitive variables (which automatically guarantees positivity of
q

l
; p

l
; q

r
and p

r
) or of conservative variables can lead to serious oscillations of the solution in presence of strong

discontinuities.

5.4. Problem detection and recursive-order-reduction

It is well known [12] that the interaction between characteristic fields and/or the absence of a zone of smoothness of r
points to choose (overweight) a stencil from, may cause serious oscillations in the solution, even though the scalar WENOM

reconstruction of each characteristic field separately be ENO. Such pathological situations may arise in the starting stages
of a 2-shock Riemann problem, or when 2 discontinuities are about to collide. In such instances, no matter how small Dx
is, oscillations will appear, which increase with increasing resolution (as r increases and/or as Dx decreases). Titarev and Toro
[5] working with the WENO7 scheme, suggested to recursively reduce the reconstruction-order r, for these cell-interfaces iþ 1

2
where a problem is detected. The recursive-order-reduction (ROR) procedure consists of 2 steps:

1. a reconstruction-failure-detection criterion;
2. reducing, at the cell-interfaces where reconstruction-failure is detected, the order from r to r � 1, and so on, recursively,

until reconstruction be considered successful.
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The stencils used by the high-order WENO schemes are quite large, enhancing encounters of interacting characteristics, and
the possibility of nonexistence of a smooth stencil in the WENO-weighting procedure, so that particular care is required in the
reconstruction procedure. In the present work, especially as we are concerned with very-high-order schemes, we adopted
the ROR procedure. Nonetheless, the criterion used in Titarev and Toro [5] who considered that the reconstruction was suc-

cessful provided that ql

iþ1
2
� qi

��� ��� 6 0:9qi; qr

iþ1
2
� qiþ1

��� ��� 6 0:9qiþ1; pl

iþ1
2
� pi

��� ��� 6 0:9pi and pr

iþ1
2
� piþ1

��� ��� 6 0:9piþ1

h i
is somehow

empirical (due to the arbitrary value of 0.9), and active only in the presence of very strong shocks or expansions. On the other
hand, it brings forward the idea that reconstruction success or failure may be evaluated by considering the difference be-
tween the values of q and p reconstructed using WENOM(2r � 1), and the corresponding UW1 values (which, although over-dis-

sipative, are always nonoscillatory). If the functions qðxÞðpðxÞÞ were linear, then the exact value of ql

iþ1
2

pl

iþ1
2

� �
should satisfy

the relation ql

iþ1
2
� qi

��� ��� ¼ 1
2 jqiþ1 � qij pl

iþ1
2
� pi

��� ��� ¼ 1
2 jpiþ1 � pij

� �
. This suggests the use of such a criterion, replacing however

1
2 jqiþ1 � qij 1

2 jpiþ1 � pij
� �

by 1
2 max‘jqiþ‘þ1 � qiþ‘j 1

2 max‘jpiþ‘þ1 � piþ‘j
� �

, with ‘ belonging to a stencil related to the reconstruc-

tion stencil. When testing the WENOM(2r � 1) reconstruction, we used the stencil corresponding to WENOM(2r � 2) scheme.
The final criterion reads
r P 3 ror
l

r;iþ1
2
¼ ql

iþ1
2
� qi

��� ��� 6 1
2

max
�ðr�2Þ6‘6ðr�3Þ

jqiþ‘þ1 � qiþ‘j and pl

iþ1
2
� pi

��� ��� 6 1
2

max
�ðr�2Þ6‘6ðr�3Þ

jpiþ‘þ1 � piþ‘j
� 

ð39aÞ

r ¼ 2 ror
l

r;iþ1
2
¼ ql

iþ1
2
P 0 and pl

iþ1
2
P 0

n o
ð39bÞ
where ROR is a logical variable, which is true if the conditions (39) are satisfied. By the usual symmetry with respect to i (8) it
follows
r P 3 ror
r

r;iþ1
2
¼ qr

iþ1
2
� qiþ1

��� ��� 6 1
2

max
�ðr�3Þ6‘6ðr�2Þ

jqiþ‘þ1 � qiþ‘j and pr

iþ1
2
� piþ1

��� ��� 6 1
2

max
�ðr�3Þ6‘6ðr�2Þ

jpiþ‘þ1 � piþ‘j
� 

ð39cÞ

r ¼ 2 ror
r

r;iþ1
2
¼ qr

iþ1
2
P 0 and pr

iþ1
2
P 0

n o
ð39dÞ
5.5. Complete reconstruction algorithm

The ROR procedure can be writen symbolically
do q ¼ r;1;�1
ul

iþ1
2
¼ ul

q;wenomc ;iþ1
2

ur

iþ1
2
¼ ur

q;wenomc ;iþ1
2

if ror
l

q;iþ1
2

ul

iþ1
2

� �
and ror

r

q;iþ1
2

ur

iþ1
2

� �n o
exit

end do ð40Þ
We start by reconstructing at q ¼ r, and then check if the reconstruction conditions (39) at iþ 1
2 are satisfied. If they are, both

for ul

iþ1
2

and for ur

iþ1
2
, the reconstructed variables at iþ 1

2 are kept (the algorithm exits). If the reconstruction conditions (39) are

not satisfied, either for ul

iþ1
2

or for ur

iþ1
2
, the order is reduced, locally at iþ 1

2, to r � 1, and so on, recursively until either (39) are

satisfied for some q 6 r, or the UW1 scheme is reached.
5.6. Exact Riemann solver and Godunov flux

We used the exact Riemann solver reported in Toro [43] to define the Godunov state
ugdnv

iþ1
2
¼ ugdnv

rs
ul

r;rorwenomc ;iþ1
2
; ur

r;rorwenomc ;iþ1
2

� �
ð41Þ
which is the state at which the Godunov flux is evaluated. As noted by Titarev and Toro [6] the Godunov flux is the less dis-
sipative monotone flux, on the basis of an analysis of various fluxes for the advection equation.
5.7. Time-integration

We used the Shu–Osher [23] SSPRK(3,3), with cfl ¼ 0:6, for all of the Euler results presented in the present work. The time-
step varies from one iteration to the next, to satisfy the condition cfl ¼ 0:6, and is very slightly readjusted to obtain exactly
the desired value of tend at the final iteration.
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5.8. Typical 1-D test-cases

5.8.1. Riemann problems of Sod and Lax
The standard Riemann problems of Lax [24]
vðx 6 0; t ¼ 0Þ ¼ vl ¼
0:445
0:698
3:528

2
64

3
75; vðx > 0; t ¼ 0Þ ¼ vr ¼

0:500
0:000
0:571

2
64

3
75; x 2 ½�5;þ5� ð42Þ
and of Sod [25]
vðx 6 0; t ¼ 0Þ ¼ vl ¼
1:000
0:000
1:000

2
64

3
75; vðx > 0; t ¼ 0Þ ¼ vr ¼

0:125
0:000
0:100

2
64

3
75; x 2 ½�5;þ5� ð43Þ
were computed (Fig. 8) with the RORWENOM5 ðr ¼ 3Þ, the RORWENOM11 ðr ¼ 6Þ, and the RORWENOM17 ðr ¼ 9Þ schemes, using
SSPRK(3,3) at cfl ¼ 0:6, on different grids (Nx ¼ 51;101;201;401;801;1601 points), up to tend ¼ 1:3 (Lax [24]) and to
tend ¼ 2 (Sod [25]). For t 6 tend, waves created by the discontinuity at ðx; tÞ ¼ ð0;0Þ do not reach the boundaries, where a
no-change ðuðxb; tÞ ¼ u0ðxbÞ 8tÞ condition is applied. All of the schemes perform quite well for these difficult problems,
and give reasonably ENO results on all grids (Fig. 8). It is important to notice that, as Dx! 0, the schemes remain ENO

(Fig. 8). This is ensured by the ROR algorithm (Section 5.4). For the Lax problem, as the reconstruction-order increases, the
resolution of the square wave in the q distribution is improved (Fig. 8). The slight oscillation observed, for the Lax problem,
for the RORWENOM17 scheme with Nx ¼ 101 points, is induced by the coarseness of the grid, and completely disappears as
Dx! 0 (Fig. 8).

5.8.2. Shu–Osher shock-wave/entropy interaction
The ICs for the shock-wave/entropy interaction problem, introduced by Shu and Osher [27], describe the interaction of a

uniform left state ðx 6 xsw0 Þ with a right state ðx > xsw0 Þ which is perturbed by a sinusoidal density-variation
v0ðx 6 xsw0Þ ¼ vl ¼
q

l

ul

p
l

2
64

3
75; v0ðx > xsw0 Þ ¼

q
r
þ Aq sin jqx

ur

p
r

2
64

3
75 ¼ vr þ

Aq sin jqx

0
0

2
64

3
75 ð44Þ
We computed the original Shu–Osher [27] problem, and 2 other variants, introduced by Titarev and Toro [5] (short-wave-
length), and by Martín et al. [10] (long-wavelength)
so : vl ¼
3:857143
2:629369
10:33333

2
64

3
75; vr ¼

1:000000
0:000000
1:000000

2
64

3
75; Aq ¼ 0:2; jq ¼ 5:0; xsw0 ¼ �4; x 2 ½�5;þ5� ð45aÞ

tt : vl ¼
1:515695
0:523346
1:805000

2
64

3
75; vr ¼

1:000000
0:000000
1:000000

2
64

3
75; Aq ¼ 0:1; jq ¼ 20p; xsw0 ¼ �1:5; x 2 ½�5;þ5� ð45bÞ

mtww : vl ¼
0:635700
0:414200
1:401800

2
64

3
75; vr ¼

0:500000
0:000000
1:000000

2
64

3
75; Aq ¼ 0:1; jq ¼ 5:0; xsw0 ¼ �4; x 2 ½�7;þ3� ð45cÞ
The conditions (45a) for the Shu–Osher [27] problem are identical with the original paper [27], and computations were run
until tend ¼ 1:8 [27]. In the Shu–Osher [27] problem the inflow-Mach-number Mi u 1:36 is supersonic and there is no up-
stream propagation. On the contrary, in the Titarev–Toro [5] problem the inflow-Mach-number Mi u 0:41 is subsonic, and
perturbations propagate upstream. With the original choice [5] ðxsw0 ; tendÞ ¼ ð�2;5Þ, the upstream-travelling pressure-wave
has reached the inflow-boundary at t < tend. If a no-change condition is applied at inflow, the pressure-wave is reflected at
the upstream boundary. To avoid this we have chosen ðxsw0 ; tendÞ ¼ ð�1:5;4Þ (45b), which are the parameters allowing max-
imum tend, without any wave reaching the boundaries. The same problem appears in the original choice of the Martín–Tay-
lor–Wu–Weirs [10] problem, where Mi u 0:24, and we have simply shifted the computational domain (45c) to avoid
reflexions at the boundaries. For all of the 3 test-cases (45) a no-change ðuðxb; tÞ ¼ u0ðxbÞ 8tÞ condition is applied at the
boundaries.

The ICs (45) create [27,5,10] at ðx; tÞ ¼ ðxsw0 ;0Þ a right-propagating shock-wave, which interacts with the sinusoidal den-
sity-variation of the ICs (44), inducing, on the left of the shock-wave, a wavetrail at wavenumbers higher than the initial den-
sity-variation wavenumber jq (44). Grid-converged computations using the RORWENOM5 ðr ¼ 3Þ, RORWENOM11 ðr ¼ 6Þ, and
RORWENOM17 schemes ðr ¼ 9Þ, with SSPRK(3,3) time-integration at cfl ¼ 0:6, illustrate the solution of the 3 problems
(Fig. 9). The ICs (45) without the density-variation ðAq ¼ 0Þ are simple Riemann problems, and the corresponding shock-wave



Fig. 8. Comparison of analytical solution [43] of the Riemann problems of Sod [25] (at t ¼ 2) and of Lax [24] (at t ¼ 1:3) with the numerical solution of the
1-D Euler equations, obtained with the RORWENOM5, the RORWENOM11, and the RORWENOM17 schemes, using SSPRK(3,3) time-integration [23] with cfl ¼ 0:6, on
progressively refined grids (Nx ¼ 51;101;201;401;801;1601 points).
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Mach-numbers are Mswso
u 3 (Shu–Osher [27]), Mswtt

u 1:3 (Titarev–Toro [5]), and Mswmtww
u 1:16 (Martín–Taylor–Wu–

Weirs [10]). The original Shu–Osher [27] problem (45a) has the strongest shock-wave, and an intermediate wavetrail-wave-
length (Fig. 9). The Martín–Taylor–Wu–Weirs [10] problem (45c) has the weakest shock-wave, and the longest wavetrail-
wavelength (Fig. 9). It was introduced [10] to investigate situations where the density-gradients are of the same order as
the shock-wave density-ratio, which might appear in compressible turbulence studies. Finally, the Titarev–Toro [5] problem



(45b) is a short density-variation-wavelength case, with the most stringent spatial resolution requirements, and an interme-
diate shock-wave strength.

The Shu–Osher [27] problem (45a) was computed with the RORWENOM5 ðr ¼ 3Þ, the RORWENOM11 ðr ¼ 6Þ, and the RORWENOM17
ðr ¼ 9Þ schemes, on different grids (Nx ¼ 201;401;801;1601;3201;6401 points), using SSPRK(3,3) at cfl ¼ 0:6, up to
tend ¼ 1:8, and compared (Fig. 10) with the quasi-grid-converged solution (RORWENOM5; Nx ¼ 25;601). On the coarsest
Nx ¼ 201 points grid, the RORWENOM5 scheme has insufficient resolution, and completely fails in reproducing the high wave-
numbers of the wavetrail (Fig. 10). On the contrary, the RORWENOM17 scheme reproduces correctly the high wavenumbers of
the wavetrail, even on the coarsest Nx ¼ 201 points grid, but underestimates their amplitude as the distance from the instan-



taneous position of the shock-wave, xswðtÞ � x, increases (Fig. 10). On the Nx ¼ 401 points grid, the RORWENOM17 scheme is
already almost grid-converged (Fig. 10). On this Nx ¼ 401 points grid, the RORWENOM5 scheme resolves the high wavenumbers
of the wavetrail, but underestimates their amplitude (the RORWENOM5 scheme resolution on the Nx ¼ 401 points grid is similar
to the resolution of the RORWENOM17 scheme on the twice coarser Nx ¼ 201 points grid). Expectedly, the RORWENOM11 ðr ¼ 6Þ
scheme gives results intermediate between the RORWENOM5 ðr ¼ 3Þ and the RORWENOM17 ðr ¼ 9Þ schemes (Fig. 10). As the mesh
is refined, all of the 3 schemes converge to the same solution (Figs. 9 and 10), and remain perfectly ENO.

The modified (45c) Martín–Taylor–Wu–Weirs [10] problem was computed with the RORWENOM5 ðr ¼ 3Þ, the RORWENOM11
ðr ¼ 6Þ, and the RORWENOM17 ðr ¼ 9Þ schemes, using SSPRK(3,3) at cfl ¼ 0:6, on different grids (Nx ¼ 51;101;201;
401;801;1601 points), up to tend ¼ 2, and compared (Fig. 11) with the quasi-grid-converged solution (RORWENOM5;
Nx ¼ 25;601). The shock-wave being quite weak ðMswmtww

u 1:16Þ, the dominant wavenumber of the wavetrail is only mar-
ginally higher than the wavenumber jq (44) of the initial density-variation (Fig. 9). Even on the very coarse Nx ¼ 51 points
grid, the dominant wavelength of the wavetrail is reasonably well predicted by all of the 3 schemes, while the amplitude
prediction is improved as r increases (Fig. 11). On this very coarse Nx ¼ 51 points grid, the Oð1Þ discontinuities (at
x u � 3:3 and at x u � 0:1) cannot be resolved (Fig. 11). On the twice finer Nx ¼ 101 points grid, the RORWENOM17 scheme
is already almost grid-converged (except at the Oð1Þ discontinuities), while the RORWENOM5 slightly underestimates the ampli-
tude of the last peak, at x u � 2:7 (Fig. 11). Again, expectedly, the RORWENOM11 ðr ¼ 6Þ scheme gives results intermediate be-
tween the RORWENOM5 ðr ¼ 3Þ and the RORWENOM17 ðr ¼ 9Þ schemes (Fig. 11). As the mesh is refined, all of the 3 schemes
converge to the same solution (Figs. 9 and 11), ultimately resolving the Oð1Þ discontinuities, and remain perfectly ENO.

The modified (45b) Titarev–Toro [5] problem was computed with the RORWENOM5 ðr ¼ 3Þ, the RORWENOM11 ðr ¼ 6Þ, and the
RORWENOM17 ðr ¼ 9Þ schemes, using SSPRK(3,3) at cfl ¼ 0:6, on different grids (Nx ¼ 801;1601;3201;6401;12;801 points), up
to tend ¼ 4, and compared (Fig. 12) with the quasi-grid-converged solution (RORWENOM5; Nx ¼ 25;601). The high wavenum-
bers of the wavetrail (Fig. 9) impose stringent resolution requirements. As the distance from the instantaneous position
of the shock-wave, xswðtÞ � x, increases, the prediction, on a given grid with a given scheme deteriorates (Fig. 12). On the
coarsest Nx ¼ 801 points grid, the RORWENOM5 scheme immediately ðx 2 ½4:6;4:7�Þ underestimates the amplitude of the wave-
trail (Fig. 12), and predicts the wavelength correctly only for x ’ 4:2, while for x / 4:2 the increased wavenumbers induced
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by the interaction are completely missed (Fig. 12). On this Nx ¼ 801 points grid, the RORWENOM17 scheme (Fig. 12) satisfacto-
rily predicts the amplitude for the first 2 wavelengths of the wavetrail ð4:5 / x / 4:7Þ, and correctly predicts the wavelength
(albeit with underestimated amplitude) up to x u 3:6 (Fig. 12), largely improving upon the RORWENOM5 scheme, on the same
Nx ¼ 801 points grid. On the Nx ¼ 1601 points grid (Fig. 12), all of the 3 schemes correctly predict the dominant wavelength
of the wavetrail, for x ’ 3:2, but the RORWENOM17 scheme is much closer to the solution, predicting at x 2 ½3:2;3:3� an ampli-
tude almost twice larger than the RORWENOM5 scheme (Fig. 12). Again, expectedly, the RORWENOM11 ðr ¼ 6Þ scheme gives results
intermediate between the RORWENOM5 ðr ¼ 3Þ and the RORWENOM17 ðr ¼ 9Þ schemes (Fig. 12). As the mesh is refined, all of the 3
schemes converge to the same solution (Figs. 9 and 12), and remain perfectly ENO.

Grid-convergence (on the scale of the plot; Fig. 11) for the Martín–Taylor–Wu–Weirs [10] problem is obtained with
Nx ¼ 801 points, while Nx ¼ 1601 (on the scale of the plot; Fig. 10) is necessary for the Shu–Osher [27] problem, indicating
that the low-wavenumber (long-wavelength) case problem is the easiest. For the high-wavenumber (short-wavelength)
case of the Titarev–Toro [5] problem grid-convergence is achieved at Nx ¼ 6401 (on the scale of the plot; Fig. 12), dem-
onstrating that the basic difficulty in predicting the shock-wave/entropy interaction problems is the correct spatial reso-
lution of the high wavenumbers produced by the interaction. The underlying phenomenon (increase of the dominant
wavenumber of the wavetrail compared to the initial density-variation wavenumber) becomes more pronounced as
Msw increases.

The previous numerical results on the shock-wave/entropy interaction problems (Figs. 9–12) demonstrate that the ROR

procedure reduces the order of the reconstruction only locally (even for these rapidly varying, both in space and in time,
problems), and that the accuracy of the RORWENOM(2r � 1) schemes does increase with r.
5.8.3. Woodward–Colella interacting blast-waves
Finally, we study the well known interacting blast-waves (IBWs) of Woodward and Colella [26], whose ICs are 2 Riemann

problems



v0ðxÞ ¼
½1;0;1000�t; 0 6 x < 0:1
½1;0; 1

100 �
t; 0:1 6 x < 0:9

½1;0;100�t; 0:9 6 x < 1

8><
>: ; x 2 ½0;1� ð46Þ
in a shock-tube [26]
u ¼ 0;
@q
@x
¼ 0;

@p
@x
¼ 0; x ¼ 0;1 8t ð47Þ



Fig. 13. Grid-converged solutions of the Woodward–Colella interacting blast-waves (IBWs) problem [26], at t ¼ 0:038, obtained with the RORWENOM5, the
RORWENOM11, and the RORWENOM17 schemes, using SSPRK(3,3) time-integration [23] of the 1-D Euler equations with cfl ¼ 0:6.
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This is a standard test-case, with very strong shock-waves (blast-waves), a right-propagating shock-wave at
ðx; tÞ ¼ 1

10 ;0
� �

ðMswi
u 199Þ and a left-propagating shock-wave at ðx; tÞ ¼ 9

10 ;0
� �

ðMswii
u 63Þ, and associated expansion-

waves propagating in the opposite directions. The complex interactions which take place (Fig. 13) are described in detail
in the original paper of Woodward and Colella [26].

The Woodward–Colella [26] problem was computed with the RORWENOM5 ðr ¼ 3Þ, the RORWENOM 11 ðr ¼ 6Þ, and the RORWE-

NOM17 ðr ¼ 9Þ schemes, using SSPRK(3,3) at cfl ¼ 0:6, on different grids (Nx ¼ 201;401;801 points), up to tend ¼ 0:038, and
compared (Fig. 14) with the quasi-grid-converged solution (RORWENOM5; Nx ¼ 25;601; Fig. 13). On the coarsest Nx ¼ 201
points grid, the RORWENOM17 and the RORWENOM11 schemes, although far from the quasi-grid-converged solution (Fig. 14), pre-
dict the main flow features, including the local minimum of q at x 2 ½0:72;0:76�, which is not clearly visible in the RORWENOM5
solution on this grid (Fig. 14). Furthermore, the discontinuity at x u 0:6 is smeared in the RORWENOM5 ðr ¼ 3Þ solution on the
coarse Nx ¼ 201 points grid (Fig. 14), and is progressively sharpenned as r increases up to the RORWENOM17 ðr ¼ 9Þ scheme
(Fig. 14). On the twice finer Nx ¼ 401 points grid, the agreement with the quasi-grid-converged solution is improved
(Fig. 14). The RORWENOM17 ðr ¼ 9Þ scheme on this grid ðNx ¼ 401Þ predicts the correct value of the local maximum of q at
x u 0:65, while it starts approaching the correct value of the local minimum of q in the region 2 ½0:72;0:76� (the RORWENOM17
scheme is halfway between the prediction of the RORWENOM5 scheme, on this Nx ¼ 401 points grid, and the quasi-grid-con-
verged value). Furthermore, the quasi-grid-converged value of the density-maximum at x u 0:78 is being approached by
the RORWENOM17 scheme on the Nx ¼ 401 points grid (Fig. 14), while its value is underestimated by the RORWENOM5 scheme,
whose solution on the Nx ¼ 401 points grid is quite close to the RORWENOM17 solution on the twice coarser Nx ¼ 201 points
grid (Fig. 14).

Finally, on the Nx ¼ 801 points grid (Fig. 14), the solution of the RORWENOM17 scheme is very close to the quasi-grid-con-
verged solution. The results of the RORWENOM5 scheme, on the Nx ¼ 801 points grid, are close to the results of the RORWENOM17
scheme on the twice coarser Nx ¼ 401 points grid (Fig. 14). As usual, the RORWENOM11 ðr ¼ 6Þ scheme gives results interme-
diate between the RORWENOM5 ðr ¼ 3Þ and the RORWENOM17 ðr ¼ 9Þ schemes (Fig. 14). As the mesh is refined, all of the 3
schemes converge to the same solution (Fig. 13), and remain reasonably ENO (indeed slight oscillations eventually present
in the solution diminish as Dx! 0).
6. Linewise multidimensional extension

The best way to extend the very-high-order WENO methods to 2-D and 3-D problems would be to use multidimensional
reconstruction [45,5,46]. Both for structured [5] and for unstructured [45,46] grids, these techniques use a finite-volume ap-
proach and aim at obtaining a high-order reconstruction of the solution at appropriately chosen Gauss-integration points on
the control-volume. For structured grids, the technique of Titarev and Toro [5], consists of successive linewise reconstruc-
tions, and can be easily extended to higher-orders. In a recent work, Dumbser et al. [47] have further shown that multidi-
mensional finite-volume approaches can be considered as a particular case of a unified framework of discontinuous Galerkin
approaches.

The study and development of very-high-order multidimensional reconstruction is beyond the scope of the present
paper. We use instead a baseline linewise extension of the method to 2-D, with the aim of checking accuracy and
nonoscillatory performance for 2-D problems. This extension can be viewed as a finite-difference [2,3] approach
(on Cartesian grids), although it has been implemented as an unsplit finite-volume method [43, pp. 521–526], for
non-Cartesian meshes. What is important is that we do not use any dimensional-splitting approach for the time-inte-



Fig.14.Comparison,att¼0:038,ofthequasi-grid-convergedsolution(RORWENOM5;gridNx¼25;601)withthenumericalsolutionofthe1-DEuler

equations,fortheWoodward–Colellainteractingblast-waves(IBWs)problem[26],obtainedwiththeRORWENOM5,theRORWENOM11,andtheRORWENOM17

schemes,usingSSPRK(3,3)time-integration[23]withcfl¼0:6,on3differentgridsNx¼201;401;801(zoomintheregionx2½0:5;0:9�).
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gration [43, pp. 510–520], but instead follow a method of lines approach [23,27], where we compute the multidimen-
sional space-discretized operator, and then apply an appropriate time-integration scheme for the semidiscrete
equation.
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7. 2-D Advection equation

7.1. The 2-D advection equation with periodic boundary-conditions

To check the accuracy of the schemes in the 2-D case, we study the advection equation [45,3]
@u
@t
þ @u
@x
þ @u
@y
¼ 0;

x 2 ½�1;1�

y 2 ½�1;1�

(
ð48aÞ

uðt; x ¼ �1; yÞ ¼ uðt; x ¼ þ1; yÞ ð48bÞ

uðt; x; y ¼ �1Þ ¼ uðt; x; y ¼ þ1Þ ð48cÞ

uðt ¼ 0; x; yÞ ¼ u0ðx; yÞ ð48dÞ
with periodic boundary-conditions (BCs), both x-wise and y-wise, and different initial conditions (ICs) u0ðx; yÞ. The periodicity
conditions are applied, as in the 1-D case (Section 3.1), by adding, at the boundaries of the computational domain (x R ½�1;1�
or y R ½�1;1�), Nph ¼ r phantom nodes, for the (2r � 1)-order scheme (Section 2.4), thus preserving the linewise OðDx2r�1Þ
spatial accuracy of the scheme.

7.2. Space- and time-discretization

On a Cartesian homogeneous grid, the 2-D advection equation (48) is semi-discretized
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are obtained by 1-D reconstruction (Section 2) along the corresponding grid-lines (x-wise and y-

wise, respectively). Then, the unsplit semi-discrete equation (49) is integrated in time with an appropriate RK technique
[23,27,37–40].

7.3. Test-cases

The performance and order-of-accuracy of the various schemes is studied by comparing with the exact solution of the 2-D
advection equation (48) for different initial conditions (ICs). All of the computations used the corresponding ‘SSPRKð2r;2r � 1Þ
time-discretization [37–39]. In view of the results obtained for the 1-D case (cf. Section 3), we only consider UW(2r � 1) (Sec-
tion 2.2) and WENOM(2r � 1) (with pb ¼ r; Section 2.3) schemes for the space-discretization. The computations were per-
formed using 128-bit arithmetic (quadruple precision; real*16 [41]).

7.3.1. u0ðx; yÞ ¼ sinðpðxþ yÞÞ
We computed this test-case [45], using the UW(2r � 1), and the WENOM(2r � 1) schemes, with pb ¼ r (Fig. 15). The

wave was advected 10 times through the computational domain, using ‘SSPRKð2r;2r � 1Þ time-discretization with
cfl ¼ 0:5 (the d-D stability limit for the advection equation being d�1 [5]). This test-case is relatively easy, since at
the critical point ncp ¼ 1 (Section 3.4). As a consequence, the mapping procedure of the WENOM schemes [4] is sufficient
to give results almost identical with the corresponding UW(2r � 1) scheme, already at the coarsest ðNx � Ny ¼ 21� 21Þ
grid (Fig. 15). The L1-norm of the error [4] eL1 reaches almost immediately the theoretical rate-of-convergence [2,4]
rcnvrgL1

¼ 2r � 1, as the number of cells Nc ¼ Nx � 1 ¼ Ny � 1 increases. The result is significant in that it provides sys-
tematic verification of previous observation by Balsara and Shu [3] that the unsplit 2-D linewise extension of the very-
high-order upwind and WENOM schemes returns the theoretical order-of-accuracy of the 1-D tests, for the scalar linear
advection equation (48).

7.3.2. u0ðxÞ ¼ sin4ðpðxþ yÞÞ
This wave is more complex because the degree of the critical points [4] is ncp ¼ 3. We computed this test-case, using the

UW(2r � 1), and the WENOM(2r � 1) schemes, with pb ¼ r (Fig. 16). The wave was advected 10 times through the computational
domain, using ‘SSPRKð2r;2r � 1Þ time-discretization with cfl ¼ 0:5. The results (Fig. 16) are quite similar with those obtained
for the ncp ¼ 3 1-D case (Section 3.4.2; Fig. 4). As the number of cells Nc ¼ Nx � 1 ¼ Ny � 1 increases all of the UW(2r � 1)
reach the theoretical rate-of-convergence [2,4] rcnvrgL1

¼ 2r � 1. The WENOM(2r � 1), as Nc increases, tend to the correspond-
ing UW(2r � 1) scheme, for r P 5 (Fig. 16). Because of the high value of ncp ¼ 3, the WENOM5 and WENOM7 schemes are limited to
rcnvrgL1

¼ 2 and rcnvrgL1
¼ 3 (Fig. 16). These results (Fig. 16) further substantiate the conjecture that the unsplit 2-D linewise

extension of the very-high-order upwind and WENOM schemes returns the theoretical order-of-accuracy of the 1-D tests, for
the scalar linear advection equation (48).
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7.4. Importance of temporal discretization

The accuracy-tests for the 1-D (Figs. 3 and 4) and 2-D (Figs. 15 and 16) advection equation, which demonstrated that the
very-high-order UW, WENO and WENOM discretizations correctly restore the theoretical rates-of-convergence with grid-refine-
ment, were all run using linear strong-stability-preserving Runge–Kutta algorithms ‘SSPRKð2r;2r � 1Þ, which are SSP and
OðDt2r�1Þ for linear problems [37–39]. In this way the temporal accuracy is of the same order as the spatial discretization,
at the expense of performing Mrk ¼ 2r Runge–Kutta-steps.

To highlight the importance of combined temporal and spatial accuracy in obtaining the theoretical rate-of-convergence,
we re-run the 2-D test-cases (Figs. 15 and 16) using the linearly OðDt3Þ ‘SSPRK(4,3) method [37–39], as well as the Shu–Osher
[23] SSPRK(3,3), which is OðDt3Þ both for linear and for general nonlinear problems. All the computations with the
‘SSPRKð2r;2r � 1Þ methods [37–39], including those of the different space-discretizations combined with the ‘SSPRK(4,3)
time-integration, were run with cfl :¼ DtDx�1 ¼ DtDy�1 ¼ 0:5. When using the nonlinearly accurate SSPRK(3,3) method
[23], cfl ¼ 0:5 was beyond the limit of stability for r P 8 (but worked perfectly well for r 6 7). We therefore run the
SSPRK(3,3) tests for the 2-D advection equation with cfl ¼ 0:4

The computations for the test-case u0ðx; yÞ ¼ sinðpðxþ yÞÞ (Section 7.3.1), using the ‘SSPRKð2r;2r � 1Þ in conjunction with
the UW(2r � 1) or the WENOM(2r � 1) space-discretizations readily restore the theoretical rate-of-convergence rcnvrgL1

¼ 2r � 1
(Section 7.3.1), the UW17 scheme reaching eL1 u 10�28 on a grid where the the UW5 scheme yields eL1 u 10�8. The negative
effect on accuracy of using the OðDt3Þ ‘SSPRK(4,3) method [37–39] is spectacular (Fig. 15), in that we obtain nearly identical
results, on a given grid, whatever the spatial discretization used. The error is completely controlled by the low-order time-
integration method (for the test-case at hand; u0ðx; yÞ ¼ sinðpðxþ yÞÞ). All the space-discretizations, in conjunction with the
OðDt3Þ ‘SSPRK(4,3) method return rcnvrgL1

¼ 3. The same conclusions as for the linearly accurate ‘SSPRK(4,3) method apply to
the results obtained using the SSPRK(3,3) method (Fig. 15). For this simple IC, with ncp ¼ 1 [4], there is virtually no difference in
the results obtained using the UW(2r � 1) or the WENOM(2r � 1) space-discretizations. Notice that the results for r ¼ 3; . . . ;9
with the ‘SSPRK(4,3) and the SSPRK(3,3) methods are all plotted, and practically collapse on a single curve (Fig. 15).

Similar observations (Fig. 16) on the influence of the time-integration method apply to the test-case
u0ðx; yÞ ¼ sin4ðpðxþ yÞÞ (Section 7.3.2). Again the results for r ¼ 3; . . . ;9 with the ‘SSPRK(4,3) and the SSPRK(3,3) methods
are all plotted, and practically collapse on a single curve (Fig. 16). Notice that up to the Nx � Ny ¼ 161� 161 grid, when using
the ‘SSPRK(4,3) or the SSPRK(3,3) methods, the rate-of-convergence of the WENOM5 (respectively, WENOM7) scheme is the same as
for the higher-order schemes or for the corresponding UW5 (respectively, UW7) scheme (Fig. 16), while when using the
‘SSPRK(6,5) (respectively, ‘SSPRK(8,7)) method we obtain (Fig. 16) rcnvrgL1

¼ 2 for the WENOM5 (respectively, rcnvrgL1
¼ 3 for

the WENOM7) scheme. This is simlply a superconvergence accident [2,4], the error-levels with the ‘SSPRK(4,3) or the SSPRK(3,3)
methods being higher than the corresponding error-levels with the ‘SSPRKð2r;2r � 1Þ methods (Fig. 16).

In view of accuracy studies with the 2-D nonlinear Euler equations (Section 8.2), using the SSPRK(3,3) time-integration
method, it it important to notice that for the u0ðx; yÞ ¼ sin4ðpðxþ yÞÞ test-case (Fig. 16), which contains critical points with
high ncp ¼ 3 [4], the rate-of-convergence obtained by the SSPRK(3,3) time-integration method is initially only rcnvrgL1

¼ 1, pro-
gressively increasing to rcnvrgL1

¼ 3 with increasing Nc (Fig. 16).

8. 2-D Euler equations

8.1. System of the 2-D Euler equations

To assess the peformance of the high-order WENO reconstruction for multidimensional nonlinear problems, we further
consider its application to the 2-D Euler equations [43]
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where u ¼ ½q;qu;qv;qet �t is the vector of conservative variables, FxðuÞ ¼ ½qu;qu2 þ p;quv;quht �t is the x-wise-flux compo-
nent, FyðuÞ ¼ ½qv ;qvu;qv2 þ p;qvht �t is the y-wise-flux component, q is the density, u is the x-wise-velocity component, v is
the y-wise-velocity component, p is the pressure, et ¼ eþ 1

2 ðu2 þ v2Þ is the total internal energy, e is the internal energy,
ht ¼ hþ 1

2 ðu2 þ v2Þ is the total enthalpy, h ¼ eþ pq�1 is the enthalpy. We assume perfect gas thermodynamics, with
p ¼ ðc� 1Þq et �
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where a is the speed-of-sound [43]. We will note
v :¼

q
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p
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the vector of primitive variables. For all of the test-cases studied c ¼ 1:4.
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8.2. Linewise extension of the numerical method to 2-D

As for the 2-D advection equation, the linewise extension of the method to the 2-D Euler equations uses RORWENOM recon-
struction of the characteristic variables (Section 5.5), along grid-lines. The Godunov flux is computed using an exact Riemann
solver, where the tangential-to-the-cell-interface velocity is treated as a passively convected quantity [43, pp. 149–150]. The

matrices L uavg

iþ1
2;j

� �
and R uavg

iþ1
2;j

� �
respectively; L uavg

i;jþ1
2

� �
and R uavg

i;jþ1
2

� �� �
of the left and right eigenvectors used to define the local

characteristic variables (Section 5.3) are given, for the general 3-D case with arbitrary cell-interface orientation, in [48] (they
can be simplified in an ifless construction for the 2-D case [12,48], but we used the general 3-D expressions in the present
work). The resulting semi-discrete scheme is integrated in time using the SSPRK(3,3) method of Shu and Osher [23].

The stability-time-step is computed as
Dt ¼ cfl min
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are the maximum wavespeeds of the Riemann-problems at the corresponding cell-

interfaces, V :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2
p

is the flow velocity, and a is the speed-of-sound. The cell-size is computed as the radius of the circle
inscribed into the control-volume, and for the Cartesian homogeneous grids used is D‘ ¼ 1ffiffi

2
p Dx ¼ 1ffiffi

2
p Dy.

8.3. Typical 2-D test-cases

8.3.1. Shu convection of a smooth compressible vortex
This test problem, introduced by Shu [28] and Balsara and Shu [3], studies the convection of a smooth compressible vor-

tex, in supersonic flow. It is interesting in that an exact solution of the flow is available [28], allowing scheme order-of-accu-
racy testing [3,5]. Shu [28] has used the field
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Þ :¼
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rc ¼ const; Avrtx ¼ const; Bvrtx ¼ const; q0 ¼ const; T0 ¼ const; p0 ¼ const ð54eÞ
to describe an homentropic ðs ¼ const 8x; y; tÞ vortex centered at point ðxvrtx; yvrtx
Þ, and remarked that (54), is an exact solu-

tion of the steady 2-D Euler equations (50), provided ðdtxvrtx ¼ 0; dtyvrtx
¼ 0Þ, as can be verified by substituting (54) into (50).

Shu [28] also remarked that the flow with initial conditions
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2
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in an unbounded domain, admits as exact solution the passive advection of the vortex with velocity ~V0 ¼ u0~ex þ v0~ey
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The values of the constants used for the accuracy studies are [28,45,3,5]
rc ¼ 1; Avrtx ¼
5

2p
; Bvrtx ¼

1
2

; q0 ¼ 1; T0 ¼ 1; p0 ¼ 1; u0 ¼ 1; v0 ¼ 1 ð57Þ
To avoid the use of a large computational domain (and corresponding large CPU-times), many authors [28,45,3,5] have run
this problem in a small computational domain ð�5 6 x 6 þ5;�5 6 y 6 þ5Þ, with periodic boundary-conditions, and have
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obtained quite satisfactory results for small times (tend ¼ 10, corresponding to the advection of the vortex once across the
diagonal of the computational domain). The periodic problem corresponds to the dynamics of an infinite array of vortices
located at xvrtx;‘ðtÞ ¼ xvrtx0 þ ‘Lx þ u0t and y

vrtx;mðtÞ ¼ y
vrtx0

þmLy þ v0t ð8‘;m 2 ZÞ, where Lx ¼ Ly is the size of the square
computational domain, while the velocity-field of (56) is not periodic. However, (55) is a very good approximation of the
solution of the periodic problem, for small times ðtend ¼ 10Þ, allowing usefull comparisons for the evaluation of the accuracy
Fig. 17. L1-norm error eL1 and rate-of-convergence rcnvrgL1
, as a function of the number of grid-cells in each direction Nc ¼ Nx � 1 ¼ Ny � 1, for the

UW(2r � 1) and WENOM(2r � 1) ðpb ¼ rÞ reconstructions ðr ¼ 3; . . . ;9Þ, for the convection of the Shu [28] smooth vortex (56) by the 2-D Euler equations (50)
ðx 2 ½�15;15�; y 2 ½�15;15�Þ, at t ¼ 10, with unbounded-domain BCs, using SSPRK(3,3) time-integration [23] with cfl ¼ 0:3.



of numerical schemes [28,45,3,5]. To avoid this approximation we have run the problem of the convection of the smooth
vortex (56) in a larger computational domain ð�15 6 x 6 þ15;�15 6 y 6 þ15Þ, with nonperiodic BCs. At t ¼ 0 the vortex
is located at ðxvrtx0 ; yvrtx0

Þ ¼ ð�10;�10Þ and the flowfield is initialized by (55). To mimic the conditions of an unbounded do-
main, at the boundaries of the computational domain (x ¼ �15 or y ¼ �15) we add Nph phantom nodes (Section 2.4), which
are updated at each RK step by the exact solution (56).

For nonlinear equations, such as the Euler equations (50) very-high-order-accurate SSP time-integration methods (up to
OðDt17Þ) are not, at present, available [23,27,37–40]. To run order-of-accuracy studies, with the very-high-order space-accu-
rate schemes, it would be necessary to reduce the time-step, as the computational grid is refined in space, so as to recover
uniformly (in time and space) (2r � 1)-order accuracy [3,5]. To this purpose, when using an OðDt
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The Lax–Liu [29] 2-D Riemann problem #5 (2DRP05) was computed with the RORWENOM5 ðr ¼ 3Þ, the RORWENOM11 ðr ¼ 6Þ, and
the RORWENOM17 ðr ¼ 9Þ schemes, using SSPRK(3,3) at cfl ¼ 0:6, on different grids (Nx ¼ Ny ¼ 101;201;401;801 points), up to
Comparison, at t ¼ 0:23, of the numerical solution of the 2-D Euler equations, for the Lax–Liu [29,53] Riemann problem #5 (2DRP05), obtained with
RWENOM5, the RORWENOM11, and the RORWENOM17 schemes, using SSPRK(3,3) time-integration [23] with cfl ¼ 0:6, on 4 different grids
y ¼ 101� 101;201� 201;401� 401;801� 801Þ.
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tend ¼ 0:23 (Fig. 18). The corresponding selfsimilar solution only involves contact discontinuities and waves created by their
interactions [50–52,29,53]. The flow features can be observed in the best-resolved simulation (RORWENOM17, grid
Nx � Ny ¼ 801� 801; Fig. 18), which is in perfect agreement with previous results [52,29,53]. The sliplines in quadrant 4
(SE) move away from the sliplines of quadrant 2 (NW). Sliplines [29] j

wne
� j

�
21 and j

nws
� j

�
32 in quadrant 2 (NW) (respectively,

j
nes
� j

�
41 and j

wse
� j

�
34 in quadrant 4 (SE)) roll up at their intersection to form a vortical structure (Fig. 18). The prolongation of

slipline j
nws
� j

�
32 (respectively, j

nes
� j

�
41) towards the axis x ¼ 0 breaks down to produce vortices [52,29,53]. The central re-

gion between the sliplines which have moved away toward the corners of the computational domain is delimited by 2
shockwaves moving toward the NE and SW corners (Fig. 18). In the absence of physical viscosity in the 2-D Euler equations
model (50) there exists no physical lengthscale [5,31] for this selfsimilar problem [52], and the number of vortices produced
will depend on resolution (order of the scheme and cell-size). Lax and Liu [29]conjecture that ‘‘as the calculations are refined
the number of vortices might well tend to infinity”.

On the coarsest Nx � Ny ¼ 101� 101 grid the RORWENOM17 ðr ¼ 9Þ scheme produces thinner sliplines and resolves better
their rolling up than the lower-order schemes (Fig. 18). As the grid is progressively refined the rolling up of the sliplines
is better resolved, and their numerical smearing diminishes (Fig. 18). On the Nx � Ny ¼ 401� 401 grid the RORWENOM17
ðr ¼ 9Þ scheme predicts vortices resulting from the breakdown of the sliplines, which are not yet resolved by the lower-order
schemes on this grid (Fig. 18). On the finer Nx � Ny ¼ 801� 801 grid the RORWENOM17 ðr ¼ 9Þ scheme predicts 2–3 vortices for
each breakdown (in quadrants 2 and 4), whereas the RORWENOM5 ðr ¼ 3Þ scheme only resolves 1 vortex in each quadrant (2
and 4), having resolution similar to that of the RORWENOM17 ðr ¼ 9Þ scheme on the twice coarser in each direction
Nx � Ny ¼ 401� 401 grid (Fig. 18). Systematically, the RORWENOM11 ðr ¼ 6Þ scheme, on any given grid, has resolution interme-
diate between the RORWENOM5 ðr ¼ 3Þ and the RORWENOM17 (r ¼ 9) schemes (Fig. 18). All of the schemes predict perfectly re-
solved ENO shockwaves (Fig. 18).

8.3.3. Woodward–Colella double-Mach-reflection of a strong shockwave
This test-case, introduced by Woodward and Colella [26], solves the 2-D Euler equations in the domain

x 2 ½0;4�; y 2 ½0;1�, with ICs corresponding to a MSW=10 shockwave, inclined at 60� with respect to the x-axis, and propagating
to the right, against a region of still air (state vB),
vðx; y; t ¼ 0Þ ¼ v0ðx; yÞ ¼
va :¼ 8;8:25 cos p
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where va corresponds to the state trailing behind the right-moving shockwave. The boundary-conditions correspond to the
exact shockwave motion at the upper boundary ðy ¼ 1Þ, fixed state vb at inflow and in the region 0 6 x 6 1

6 on the lower
boundary ðy ¼ 0Þ, continued by a reflecting wall x > 1

6
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where
xswu ðtÞ ¼
1
6
þ 1

tan p
3

þ sswx t; sswx ¼
ssw

sin p
3

; ssw ¼ 10 ð61gÞ
is the instantaneous shockwave location on the upper boundary ðy ¼ 1Þ.
The Woodward–Colella [26] double-Mach-reflection test-case was computed with the RORWENOM5 ðr ¼ 3Þ, the RORWENOM11

ðr ¼ 6Þ, and the RORWENOM17 ðr ¼ 9Þ schemes, using SSPRK(3,3) at cfl ¼ 0:6, on progressively finer grids (Nx � Ny ¼ 241� 61;
481� 121;961� 241;1921� 481 points), up to tend ¼ 0:20 (Figs. 19 and 20). This test-case is widely used to evaluate the
performance of numerical schemes [26,2,54,45,3,55,5], and is described in detail by Woodward–Colella [26]. The curved re-
flected shockwave attached at ðx; yÞ ¼ 1

6 ;0
� �

is moving rapidly at its right end, where is observed the region of double Mach
reflection [26], with 2 Mach stems and 2 contact discontinuities (x 2 ½2;2:8�; Fig. 19), and a wall-jet forming very near the
wall, below the contact discontinuity. In the absence of physical viscosity in the 2-D Euler equations model (50), the phys-
ically unstable features of the flow (sliplines and wall-jet) will exhibit more instability (wavyness, rolling up, vortices, etc.)
with increasing resolution [5]. It is generally accepted [26,2,54,45,3,55,5] that the prediction of such unstable structures is a
measure of increased resolution of the scheme for the convective (Euler) part of the flow equations.



Fig. 19. Comparison, at t ¼ 0:2, of the numerical solution of the 2-D Euler equations, for the Woodward–Colella double Mach-reflection (2MR) problem [26],
obtained with the RORWENOM5, the RORWENOM11, and the RORWENOM17 schemes, using SSPRK(3,3) time-integration [23] with cfl ¼ 0:6 (Nx � Ny ¼ 1961� 481;
zoom in the region x 2 ½0;3�).
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On the coarsest Nx � Ny ¼ 241� 61 grid there is little difference in the basic flow structure predicted by the 3 schemes
(Fig. 20), although the RORWENOM17 ðr ¼ 9Þ scheme introduces less numerical smearing of the contact discontinuities com-
pared to the RORWENOM5 ðr ¼ 3Þ scheme (Fig. 20). On the Nx � Ny ¼ 481� 121 grid the RORWENOM17 ðr ¼ 9Þ scheme better pre-
dicts the vortical structure near the wall at x u 2:65, and on the Nx � Ny ¼ 961� 241 grid it already predicts the wavy
instability of both sliplines, a clearly formed vortical structure at x u 2:65, and a small vortex at the end of the wall-jet near
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x u 2:75 (Fig. 20). The RORWENOM5 ðr ¼ 3Þ scheme on the finest considered Nx � Ny ¼ 1921� 481 grid resolves the flow worse
than the RORWENOM17 ðr ¼ 9Þ scheme on the twice coarser in each direction Nx � Ny ¼ 961� 241 grid (Fig. 20). As usual the
RORWENOM11 ðr ¼ 6Þ scheme has, on any given grid, resolution intermediate between the RORWENOM5 ðr ¼ 3Þ and the RORWE-

NOM17 ðr ¼ 9Þ schemes (Fig. 20). All of the schemes predict perfectly sharp ENO shockwaves (Fig. 20). Notice that as resolution
increases structures are predicted in the region 2:6 6 x 6 2:75; 0:2 6 y 6 0:45 (Fig. 20). These are not numerical oscillations.
Fig. 20. Comparison, at t ¼ 0:2, of the numerical solution of the 2-D Euler equations, for the Woodward–Colella double Mach-reflection (2MR11, and theRORWENOM17 schemes, usingSSPRK� Ny¼ 241 � 61;481 � 121;961 � 241;1961 � 481; zoom in the region x 2 ½ 2;2:85� ;x2 ½0;0:55� ).
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As the vortices at the end of the wall-jet ðx u 2:75Þ are better resolved these structures move upward, and they will probably,
with further grid refinement, prove to be vortices associated with the wavyness of the slipline at ðx; yÞ u ð2:75;0:45Þ (Fig. 20).

9. Conclusions

In this paper we extended (Section 2) the family of WENO(2r � 1) schemes [2,3] up to WENO17 ðr ¼ 9Þ, and tabulated (Tables
1–6) the coefficients of the WENO13 ðr ¼ 7Þ, WENO15 ðr ¼ 8Þ, and WENO17 ðr ¼ 9Þ schemes, which can also be used with the map-
ping procedure [4] of the nonlinear weights (WENOM(2r � 1) schemes).

The family of WENO(2r � 1) and WENOM(2r � 1) schemes ðr 2 ½3;9�Þ was investigated (Section 3) by numerically solving the
1-D linear advection equation with periodic BCs [2], using ‘SSPRKð2r;2r � 1Þ time-integration [39] of the same order (OðDt2r�1Þ
for linear problems), with cfl 2 ½0:8;1�. Studies on the advection of a square wave with cfl ¼ 0:8 (Section 3.3) indicate that
the value of the exponent pb in the definition of the Jiang–Shu [2] nonlinear weights has to be increased from the value pb ¼ 2
[2] to a value pbðrÞ 2 ½2; r�, to obtain ENO results, as r increases. The optimal (minimal ENO) value pbðrÞ 2 ½2; r�may be different
for the WENO(2r � 1) and the WENOM(2r � 1) schemes, and is the subject of on-going research. Numerical studies for the advec-
tion of different smooth waves at cfl ¼ 1 (Section 3.4) were presented verifying that the WENOM(2r � 1) schemes approach
the UW(2r � 1), asymptotically, as Dx! 0. Results on the loss of accuracy at critical points, for the WENO(2r � 1) and the
WENOM(2r � 1) schemes (Section 3.4), on the now wider range of r 2 ½3;9�, suggest that the behaviour of the schemes with
r odd or even may be different, a conjecture also supported by results obtained (Section 2.3.6) for the Taylor-expansions
of the smoothness indicators. Further studies on the full asymptotic expansions of the WENO(2r � 1) and the WENOM(2r � 1)
schemes are necessary to clarify this point. Computational studies of the advection of the Jiang–Shu wave [2] at cfl ¼ 0:8
(Section 3.4.3) confirm the increased resolution of the WENOM(2r � 1) schemes with increasing r, and their ENO behaviour
for pb ¼ r. A study (Section 4) of a test-problem for the 1-D Burgers equation with periodic BCs, using SSPRK(8,3) time-integra-
tion [40] with cfl ¼ 1, suggests that the results obtained for the linear advection equation (Section 3) are applicable to non-
linear scalar hyperbolic conservation laws, although further testing, including other test-cases, as well as other hyperbolic
conservation laws with nonconvex fluxes, would be useful at substantiating this proposition.

Then (Section 5.1) we studied the extension of the family of very-high-order WENOM(2r � 1) schemes, with pb ¼ r, to the
Euler equations of gasdynamics (system of hyperbolic conservation laws), using local characteristic reconstruction (scalar
reconstruction of the local characteristic fields [12]). Straightforward application of the local characteristic reconstruction
(results not shown) fails to give ENO results, as r increases. Evenmore, at fixed r, as Dx! 0 (increasing number of gridpoints
Nx), the oscillations, associated with the nonlinear interaction between characteristic fields and the potential absence of a
wide enough (large r) smooth stencil in the WENO reconstruction, grow, contaminating the solution. A way to circumvent this
problem is to recursively reduce the order r of the reconstruction, at interfaces where a reconstruction-failure is detected [5].
In the present paper we introduced a new reconstruction-failure criterion, free of any adjustable parameters, and applied it
in the construction of a RORWENOM(2r � 1) family of reconstructions for the Euler equations. Systematic numerical tests, on
progressively refined grids, using SSPRK(3,3) time-integration [23] with cfl ¼ 0:6 were run (Section 5.8) for standard Riemann
problems [24,25], shock-wave/entropy interactions [27,5,10], and IBWs [26]. The results demonstrated the increase in accu-
racy with increasing reconstruction-order r (indicating that the ROR procedure is indeed local, at discontinuities, and does not
unduly reduce accuracy at smooth points), and showed that the RORWENOM(2r � 1) local characteristic reconstruction applied
to the Euler equations is ENO, not only on coarse grids but even as Dx! 0 (Nx increases), for r 2 ½3;9�.

A baseline linewise extension of the schemes to 2-D (Section 6) was implemented to test both accuracy and nonoscilla-
tory performance for multidimensional problems. Accuracy tests with the 2-D advection equation (Section 7.3) suggest that
the unsplit linewise extension of the schemes to 2-D has the same behaviour concerning accuracy and rate-of-convergence
as the one observed for the corresponding 1-D cases (Section 3.4). Tests (Section 7.4) using different time-integration tech-
niques demonstrate the importance of very-high-order time-discretizations in achieving high rates-of-convergence with
grid refinement. Finally, tests (Section 8.3) with the unsplit linewise extension of the schemes to the 2-D Euler equations,
for the advection of a smooth vortex [28], a 2-D Riemann problem [29] and the double-Mach-reflection of a strong shock-
wave [26], substantiate the conclusions of the 1-D test-cases (Section 5.8), that the very-high-order RORWENOM(2r � 1)
schemes improve resolution with increasing r while remaining nonoscillatory.
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